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Abstract

We propose a five parameter transmuted geometric quadratic hazard rate (TG-QHR)
distribution derived from mixture of quadratic hazard rate (QHR), geometric and
transmuted distributions via the application of transmuted geometric-G (TG-G)
family of Afify et al.(Pak J Statist 32(2), 139-160, 2016). Some of its structural properties
are studied. Moments, incomplete moments, inequality measures, residual life functions
and some other properties are theoretically taken up. The TG-QHR distribution is
characterized via different techniques. Estimates of the parameters for TG-QHR
distribution are obtained using maximum likelihood method. The simulation studies are
performed on the basis of graphical results to illustrate the performance of maximum
likelihood estimates (MLEs) of the TG-QHR distribution. The significance and flexibility of
TG-QHR distribution is tested through different measures by application to two real
data sets.

Keywords: Quadratic hazard rate, Geometric distribution, Characterizations, Maximum
likelihood estimation

Introduction

Generalizations and extensions of the probability distributions are more flexible and
suitable for many real data sets as compared to the classical distributions. Azzalini
(1985) derived Skewed Family with additional skewing parameter. Gupta et al. (1998)
developed exponentiated family. Marshall and Olkin (1997) introduced a parameter to
the family of distributions. Eugene et al. (2002) established family formed from beta
distribution. Jones (2004) also presented a family generated from beta distribution. The
transmuted family was presented by Shaw and Buckley (2007). Zografos Balakrishnan (2009)
established family based on gamma distribution. Cordeiro and Castro (2011) developed
family produced from Kumaraswamy distribution. Alexander et al. (2012) studied family
based on McDonald distribution. Cordeiro et al. (2013) studied exponentiated generalized
family of distribution. Torabi and Montazari (2014) studied family of distributions created
from logistic distribution. Elbatal and Butt (2014) developed Kumaraswamy quadratic hazard
rate distribution. Alizadeh et al. (2015a) developed Kumaraswamy Marshal Olkin family.
Alizadeh et al. (2015b) also proposed Kumaraswamy odd log-logistic family. Yousof et al.
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(2015) studied transmuted exponentiated generalized-G family of distributions. Afify et
al. (2016a) developed a family of distributions called Kumaraswamy transmuted-G family.
Afify et al. (2016b) presented transmuted geometric-G family (TG-G). Cordeiro et al. (2016)
presented beta odd log-logistic family of distributions. Nofal et al. (2017) studied transmuted
geometric Weibull distribution in terms of mathematical properties, characterizations and re-
gression models. Cordeiro et al. (2017) studied generalized odd log-logistics family of distri-
butions in terms of various characteristics and applications. Alizadeh et al., (2018)
proposed odd power Cauchy family of distributions and studied its properties and re-
gression models. Yousof et al. (2018) developed a family of distributions on the basis
of Burr Hatke differential equation.

The TG-G family (Afify et al.; 2016b) has been developed on the basis of the T-X idea
(Alzaatreh et al; 2013). Let g(x) =1 +1 - 2Ax, O<x <1 andW(G(x)) = Hf?igé(x)’ where
W(G(x)) is non-decreasing function of X and G(x) is a base line cumulative distribution
function (cdf) of X [see Alzaatreh et al; 2013 for W(G(x))]. Then, the cdf of TG-G

family is given by

6G(x)
1-(1-0)G(x)

F(x) = / (14 A-21z)dz.

Another definition of TG-G family has been given by Afify et al. (2016b) as follows;
Let X; and X, be independent and identically distributed (ii.d.) random variables

from Hf—Gig)G(x)‘ Then, the cdf of TG-G family is

0G(x)

}, A|<1,0€(0,1),x = 0.
x
Proof
Consider the following order statistics:
X102 = min(Xy,Xy) and Xy, = max(Xy, Xs)
and
let X 4 X1.2, with probability ’%,

x4 X9.2, with probability %,
where |A| < 1. The cdf of X is

F(x) = (“2”) P(X1o < %) + <2> Pr(Xps < %),

or

(3o

}, [A|<1,0€(0,1),x >0, (1)

fio = () [

0G(x) 1 AG(x)
1-(1-0)G(x) { 1-(1-0)G(x)

F(x;0,)) =

The probabilty density function (pdf) of TG-G family is
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216G (x)

g (x)
: M e 6ew)

f(x;0,1) = m

’ M‘SI,GG (07 1)796 > Oa
(2)

where g(x) is the baseline pdf.

The basic motivations for proposing the TG-QHR distribution are: (i) to generate
distributions with arc, positively skewed, negatively skewed and symmetrical shaped;
(ii) to obtain increasing, decreasing and inverted bathtub hazard rate function; (iii) to
serve as the best alternative model for the current models to explore and modeling real
data in economics, life testing, reliability, survival analysis manufacturing and other
areas of research and (iv) to provide better fits than other sub-models.

Our interest is to study the TG-QHR distribution along with its properties, applications
and examine the usefulness of this distribution for modeling phenomena compared to the
sub-models.

This article is composed as follows. In Section “TG-QHR distribution”, TG-QHR
distribution is introduced. In Section “Structural properties of TG-QHR distribution”,
TG-QHR distribution is studied in terms of various structural properties, plots,
sub-models and descriptive measures on the basis of quantiles. In Section “Moments
and inequality measures”, moments, incomplete moments, residual life functions and
inequality measures and some other properties are theoretically derived. In Section
“Characterizations”, TG-QHR distribution is characterized via (i) ratio of truncated
moments; (ii) hazard function; (iii) reverse hazard rate function and (iv) elasticity function.
In Section “Maximum likelihood estimation”, estimates of the parameters of TG-QHR
distribution are obtained via maximum likelihood method. In Section “Simulation
studies”, simulation studies are performed on the basis of graphical results to
illustrate the performance of MLEs. In Section “Applications”, the significance and
flexibility of TG-QHR distribution is tested through different measures by application
to two real data sets. Goodness of fit of TG-QHR distribution is checked via different

methods. Conclusion is given in Section “Conclusions”.

TG-QHR distribution
The goal of this article is to propose a five parameter transmuted geometric quadratic
hazard rate (TG-QHR) distribution from mixture of QHR, geometric and transmuted
distributions by the application of TG-G family.

Bain (1974) developed quadratic hazard rate (QHR) distribution from the following
quadratic function

Alx) =a+px+yx* x>0, a>0, y>0, B> -2/ay. (3)
The cdf of the random variable X with QHR distribution and parametersa, 5 and y is
Four(x) = 1-e Q%Y 4> 0, y >0, > -2,/ay,x >0, (4)

where Q(x|“7ﬁa Y) =ax +§x2 + %xg.
The pdf of the random variable X with QHR distribution and parameters a, 8 and y is
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fQHR(x) = A(x|a, B, )’)eme“‘ﬁ‘y),x > 0. (5)

The pdf and cdf of a random variable X with TG-QHR distribution are obtained by
inducting (4) and (5) in (1) and (2) as follows

0
f(x) = [1 + (0_1)(1_e*Q<x|“~ﬁv}'>)]2

6 (l_e’Q(x‘mﬂﬁy))

A(x|0£,/3,y) e~ QxlaBy) [ 2/1‘9(1 e x|ot[)’y))

- (1 + (0—1)(1—e—Q xa,/)’,y)))‘| )X > 0, (6)

e (%[ar,B,y)

F(x) = 1 >0 7
)= o e i | T e 20 O)
where a >0, B> -2/ay,y >0,|A|<land 6€(0,1) are parameters.
Useful expansions and mixture representation
The density function for TG-QHR can be written as
0A -Q(x|aB.y) 210(1-e~QxlaBy)
f(x) _ (x|0l,/:v), )/) € . _ ( € _ ) x> 0’
1+ (0-1)(1-e-Qxlxb))] (1 + (6-1)(1-e-QWlah))
- I[(a + k) z¢
(1+2) Z 0
k—0
_ T(2+k) (6-1)" & 1)k (k 2T (3 + k) (0-1)° 2 jrk (k1
flx) = (1+A)0k§% OB ; (,)me k; O ;(—1) (; )

A(x|a, B, y)e UDQuaLy)
The pdf of TG-QHR distribution can be written as the mixture of exp-G densities.
Structural properties of TG-QHR distribution

The survival, hazard, reverse hazard, cumulative hazard functions and Mills ratio of a
random variable X with TG-QHR distribution are given, respectively, by

B 9(1_e—Q(x\vf,/3~,r)) e QxlaBy)
S8 = i (B (1-e @) R <9—1><1—e-o<w-ﬁv>>>} | ®
Qala 1 A
h(x) = Alxla, B,y) APV [e-o<x|a,ﬁ,y> * 1_)L(1_e—Q<xa,/3-,y))}’ ©)
Qala 1 A
r(x) (x|05 ﬁ )/) by |:(1_e—Q(x0!,/3-,}’)) - 1 +Ae—Q(Xa,,B,}’):|’ (10)

_ 9(1_e—Q("‘“sﬁ~,)’)) le (x|a,B.y)
HE) == I " 5 oy a-eawean) [”(Hw—l)(l—eQ<M~ﬁr~y>>>] |

and

dapy) [A®l@By) | ARapyr 1T
m(x) = e ﬁy){e s e Qmﬂy))} . (12)

The generalized hazard g,(x) = - a dlnli(;) = xh(x) of TG-QHR distribution is
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1 A
— _Q(xlavﬁv),)
&1(x) = %A(xla, B, y)e [eww,y) 1o m_e@m,ﬂm} : (13)
The elasticity e(x) = d;“ﬁffc) = xr(x)of TG-QHR distribution is
e(x) = xA (sl y) e QI |t 2 (14
Py (1—e-QaB)) "1+ le-Qulafy) |’

Shapes of the TG-QHR density and hazard rate functions

The TG-QHR density is arc, positively skewed, positively skewed and symmetrical distri-
bution (Fig. 1a). The TG-QHR hazard is increasing, decreasing and inverted bathtub haz-

ard rate function (Fig. 1b).

Descriptive measures based on quantiles

In this sub-section, descriptive measures on the basis of quantiles are taken up.

The quantile function of TG-QHR distribution is

A41-4/(A+1)*-41g
ax, +§xq2 + gxf + In|1- =0. (15)
216 + (1-6) [)L +1-/(A + 1)2_4/161]
Median of TG-QHR distribution is
a
TG-QHR Distribution
f(x)
20f R
1.5¢ .:' “‘_
L R K N a=1.40,8=1.20,y=0.30,4=0.90,6=0.70
@=0.05,8=6.00,y=6.00,,A=0.90,6=0.90
0.5 . -
’,"' ...... N0 e a=0.50,3=8.00,y=4.00,A=0.05,6=0.05
o o o5 s s 12‘ = x a=0.11,=2.41,y=0.03,A=0.30,6=0.10
b
TG-QHR Distribution
h(x)
20

05}

-------- a=1.20,8=1.05,y=0.60,A=-0.95,6=0.90
a=2.05,8=0.10,y=4.46,A=-0.75,6=0.90
------ a=0.10,8=1.40,y=0.20,A=-0.10,6=0.95
a=0.40,8=0.35,y=0.30,A=0.5,6=0.10
a=0.20,8=2.65,y=2.65,A=-0.75,6=0.35

Fig. 1 a Plots of pdf of TG-QHR Distribution. b Plots of hrf of TG-OHR Distribution

R Ry s PR =0.10,4=0.05,y=1.10,A=-0.30,6=0.95
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The random number generator of TG-QHR distribution is

B

A+1-4/(A+1)°-21
AXMed. +/§xMed.2 + gxMed.3 4+ In|1- ( ) =0.
216 + (1-6) {/1 +1-/(A+ 1)2—2/1]
(16)
A+1-y/(A +1)°-41Z
=0, (17)

aX +

2

X? +§X3 4+ In|1-

216 + (1-6) {A +1-/ (A + 1)2-412]

where the random variable Z has the uniform distribution on (0, 1).

Sub models of TG-QHR distribution

The TG-QHR has wide applications in life testing, survival analysis and reliability
theory. The TG-QHR has the following sub models (Table 1).

Moments and inequality measures

In this section, moments about the origin, incomplete moments, inequality measures,

residual life functions and some other properties are theoretically derived.

Moments about the origin

The r'™ moment about the origin of the random variable X with TG-QHR distribution is

Table 1 Sub-models of TG-QHR distribution

SrNo. 6 A a B y Name of Distribution

1 0 A a B y Transmuted Geometric Quadratic Hazard Rate(TG-QHR)
2 1 A a B % Transmuted Quadratic Hazard Rate(T-QHR)

3 1 0 a B % Quadratic Hazard Rate(QHR)

4 0 0 a B y Quadratic Hazard Rate- Geometric (QHR-G) [Okasha et al.; 2015]
5 0 A 0 0 y Transmuted Geometric Weibull(TG-W) (Nofal et al; 2017)
6 0 A 0 B 0 Transmuted Geometric Rayleigh(TG-R)

7 6 A a 0 0 Transmuted Geometric Exponential (TG-E)

8 0 A a B 0 Transmuted Geometric Linear failure rate (TG-LFR)

9 1 A 0 0 y Transmuted Weibull (T-W) [Khan et al.; 2017]

10 1 A 0 B 0 Transmuted Rayleigh(T-R)[Merovci, F.; 2013]

1 1 A a 0 0 Transmuted Exponential (T-E)

12 1 A a B 0 Transmuted Linear failure rate (T-LFR)

13 6 0 0 0 y Weibull Geometric (W-G)[Barreto-Souza et al,; 2011]

14 0 0 0 B 0 Rayleigh Geometric(R-G)

15 0 0 a 0 0 Exponential Geometric(E-E)

16 6 0 a B 0 Linear failure rate Geometric(LFR-G)

17 1 0 0 0 % Weibull (Weibull; 1951)

18 1 0 0 B 0 Rayleigh

19 1 0 a 0 0 Exponential

20 1 0 a B 0 Linear failure rate(LFR)
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= - X
o AL (6-1)(1-e-Qulapn))]? (14 (6-1)(1-e Qlaby))) |
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- la +A)92£gi:§ (9;'1) S0 (5) (at Bt ) U0
/45 =EX") = /xr = = T(3 4 k) i 1)k k+1 dx,
0 216° — 1)/ (K1) (a + B + (H)Qla.y)
2l A /ZO:( V() eyt

dx,

o IV Lo
26 55 S V(7)o 0 (5) ()

% (a,x2l+3m+r + ﬁx21+3m+r+l

+ yx2l+3m+r+2) efa(/Jrl)x
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X(/3 ’<z>mvf (r+20+3m+1) PU(r+20+3m+2) y[(r+2+3m+3)
;o . 3 [ (] + 1)} (r+20+3m+1) [ﬁ(/+ 1)](r+21+3m+2) [y(/+ 1)](r+21+3m+3)
/’tr 7E(X ) = ,

ko o K ( 4
28033 % Z r(; I o k‘l'm' ( 1yt (l]{+1> G+ 1)

j=0 k=0 =0 m

B\ y\mal(r+2[+3m+1) BU(r+2l+3m+2) y[(r+2l43m+3)
2 (g) a(j + 1)](r+2l+3m+1) IBG + 1)](r+21+3m+2) G+ 1)](7+2[+3m+3)

where W j1m = Z; 0 2k=0 210 Q=0T ﬁii klllm! ( 1) +Hm( )G+ 1)l+m( ) (y) and

S Rl k) (6-1)°, Lym
Winitim =303 30 3 pe C A (cay )Gy ()
r al(r+21+3m+1) BI(r+2+3m+2)

(A +1)OW ik im— (2l 3me1) ) (r+2l+3m+2)
[a(j+1)] [B(j +1)]

§ yI(r+20+43m+ 3) & al(r+21+3m+1)
=EX’) = (G + 1)](r+21+3m+3) B jk+1,Lm a(j+ 1)](r+21+3m+1)

Br(r+2l+3m+2) yI(r+2l+3m+3)

[ﬁ(] + 1)](r+21+3m+2) [y(} + 1)](r+21+3m+3) ]’

/_ o 4 20 al(r+2l+3m+1)
er - E(X ) - [(1 +A)0W],k,l,m_2A’0 W/7k+lvl¢m] [0.’(]+ 1)](r+21+3m+1)

ﬁf(r+21+3m+2) yI(r+20+3m+3)
V))(] + 1)] (r-+204+3m+2) b’(/“’ 1)](V+21+3m+3) :

Mean and Variance of TG-QHR distribution
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al (2l +3m+2)  Br(2[+3m+3)
[a(] + 1)](21+3m+2) [ﬁ(}+ 1)}(21+3m+3)

yT(20 + 3m + 4)
[y(} + 1)}(21+3m+4)

EX) = ((L+1)0W  k 1m—216" W} ks1.1m)

)

al (21 +3m+3)  pr(2l+3m+4)
faj+ )] (o 1))y

yI(2l+ 3m +5)
[y(]+ 1)](21+3m+5)

al (21 +3m+2)
[C((] + 1)}(21+3m+2)
Br(20+ 3m + 3)
[/))(]+ 1)](21+3m+3)
yIL(21+ 3m + 4)
[y(]+ 1)](21+3m+4)

(L4 21)0W s 1m=216" W js1.m)

2

Var(X) = ~((X+1)OW )y n=240°W i1, 1)

2

The fractional positive moments about the origin of the random variable X with

TG-IW distribution are

ar(5+2l+3m+1)
S

/ — AR 0 W,
o = E(X) [(1 +A)9Wﬁ,k,lm 206 W1,k+1JJH] la(j+ 1)](§+2l+3m+1)

/)’F<§+21+3m+2) yl"(§+2l+3m+3)
+ 4 :
V);(} + 1)](§+21+3m+2) [y(} + 1)}(§+2l+3m+3)

(19)
The factorial moments of X with TG- QHR distribution are E[X],, = > 7", ¢ . E(X"),
ua
5 al(r+214+3m+1)
E[X],, = ; ¢r((1 +A)OW jk1m=210 W/'*rk*l’l‘”’) la(j + 1)}(r+21+3m+1>
T[(r+20+3m+2
B
[,B(]+ 1)](r+21+3m+2)
yI(r+2043m+3)
[y(} + 1)](r+21+3m+3) ’
(20)

where [X];=X(X + 1)(X +2)...(X + i — 1)and ¢, is Stirling number of the first kind.
The Mellin transform helps to determine the moments for a probability distribution.

The Mellin transform of X with the TG-QHR distribution is M{f(x);s} = f*(s) = T f(x)
0

xdx.
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~ 9A(x|oc7/3’, y)e—Q(x\a,ﬁ,y) ZAQ(I—E_Q(x‘“’ﬁ’Y))
MIF():st = [ a1 . d
Utist= [ 1+ (6-1) (e @) | (L (6-1)(1-e- 0 |
0

al(s+ 20+ 3m)

M{f(x);s} = [(1 +A)0W;}k’l7m—2ﬂ.02 W;J@l,l,m] a(j+ 1)](s+21+3m)

Br(s+2l4+3m+1)
[ﬁ(}+ 1)](s+21+3m+1)

yI(s+21+3m+2)
[y(/+ 1)](s+2l+3m+2) :

(21)

The qth central moments, Pearson’s measure of skewness and Kurtosis and cumu-
lants of X with TG-QHR distribution are determined from the relationships.

q r-1

Uy =S OVt =250 By=ts and ko =p= Y (T kepl
v=1 ()? (#42) =1

The graphical displays to describe the parameter that controls skewness and kurtosis
measures of the TG-QHR distribution are added (Fig. 2).

The moment generating function of the random variable X with TG-QHR
distribution is

oo

r

M0 = Ele] = [ e flan =Y "
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0 r=0 r

e
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e
3 - o
g 2
5 E
n < V] X
°© d
- — B=2,y=2, 6=0.5,1=0.5
— - PB=2,7=5,0=0.25,1=0.1
= .« PB=5,y=5, 6=0.05, A=—0.5
o T T T T T
0 5 10 15 20 25
o o
o | o
al 7| = B=2,7=2,0=0.5,1=0.5 o — B=2,v=2, 0=0.5, 1=0.5
— - PB=2,y=5, 0=2, 1=0.1 — - PB=2,v=0.5, 0=2, A=0.1
1 B=1,v=0.5, 0=5, A=-0.5 et ITe) - - - PB=5,v=5, 0=5,A=-0.5
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w 2 e
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: . == 5
('f) o . _ = X 10 |
S T—— [
4
— o —
)
o
T T T T T T T T T T T T
00 02 04 06 08 1.0 00 02 04 06 08 1.0
0 0
Fig. 2 skewness and kurtosis measures of the TG-QHR distribution
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¢ al(r+204+3m+1)
Me(t) =) = ((1+1)0W sk 1m=2A0" W k41.1m
* ; r! ( i J ) [(X(} + 1)](r+2l+3m+1)
BL(r+2l+3m+2)
[ﬁ(] + l)}(r+21+3m+2)
yI(r+2[43m+3)

[y(} + 1)] (r+21+3m+3)
(22)

Incomplete moments

Incomplete moments are used in mean inactivity life, mean residual life function and
other inequality measures. The r'™ incomplete moment about the origin of X with
TG-QHR distribution is

t

0,() = / X f (x)ddx

0

al(x;r+20+3m+1)
[a(1+ 1)](r+21+3m+1)

9. (t) =|((1 +A)GWj,k,z,m—M@ZW/,k+1,1,m)

BT (x;r + 21+ 3m + 2)
V))(]+ 1)](r+2l+3m+2)

yT(x;r+ 20+ 3m+3)
[y(]+ 1)](r+21+3m+3)

(23)

where I'(x...) is the upper incomplete gamma function.

The mean deviation about mean is MDy = E|X-ui| = 2ul F(u})-2u}¢; and mean
deviation about median is MDy;=E|X - M| = 2MF(M) - 2M¢, whereu{ = E(X)and M
= Q. Bonferroni and Lorenz curves defined for a specified probability p by B(p) = ¢, (
q)/pw and L(p) = ¢,(q)/p1, whereq = Qp.

Residual life functions
The residual life, say m1,,(t), of X with TG-QHR distribution is

mn(t) = E[(X_t)np( > t]v

A
o (£) :ﬁ / (x—t)° f (x)dlx,

t

1 - n n-r
mn(t)=m;(r)(—t) ¢,(t),
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1 n
(1-F(t)

my(t) = BIC7 {((1 +N)OW 4 1m=200"W i1 1m)

" al(x;r+201+3m+1)
[“(j"— 1)}(r+21+3m+1)

BT (x;r + 21+ 3m + 2)
[/3’)(] + 1)](r+21+3m+2)

yT(x;r 4+ 20+ 3m+3)
[)/(]+ 1)](r+21+3m+3)

The life expectancy or mean residual life function at a specified time t,
saym,(t), quantifies the expected left over lifetime of an individual of age t and is
given by.

1

m(t) = ———— (- Ft) Z [ 1+/1)0W1k1m—2ﬂ9 W}k+llm)

r=0

y al(x;r+20+3m+1)
[(x(]+ 1)](V+21+3Wl+1)

BT(x;r + 21+ 3m+2)
[/);(] + 1)](V+21+3W1+2)

yT(x;r +204+3m+3)
[y(] + 1)] (r+214-3m+3)

The reverse residual life, say M,,(¢), of X with TG-QHR distribution is
Ma(t) = E[(t-X)" /X <),

t

M, () = % / (t-x)"f (x)dx

1 n
t Z( 1 tn r|: (1 +A)ng,k7l,m—2/192WjﬁkJrL,l,m)

" ay(x;r+204+3m+1)
[a(j+ 1))

By(x;r+20+3m+2)
V))(] + 1)](r+21+3m+2)

yy(x;r+ 20+ 3m+3)
[y(} + 1)](r+21+3m+3) ’

where y(x...) is the lower incomplete gamma function.
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The mean waiting time (MWT) or mean inactivity time signifies the waiting time
passed since the failure of an item on condition that this failure had happened in the
interval [0, t].The MWT of X, say M,(¢), is defined by

M(t) = Z 1)) [((1 +1)OW s tn =20 W} js1.1.m)

ay(x;r+20+3m+1)
X
[a(]+ 1)](r+21+3m+1)

By(x;r + 20+ 3m + 2)
{ﬁ(]"’ 1)](r+21+3m+2)

y(x;r+ 21+ 3m+ 3)
[y(]+ 1)](r+21+3m+3)

Characterizations
In order to develop a stochastic function in a certain problem, it is necessary to know
whether the selected function fulfills the requirements of the specific underlying prob-
ability distribution. To this end, it is required to study characterizations of the specific
probability distribution. Different characterization techniques have developed.

The TG-QHR distribution is characterized via (i) ratio of truncated Moments (ii) haz-
ard function (iii) reverse hazard rate function and (iv) elasticity function.

Characterization of TG-QHR distribution via ratio of truncated moments
The TG-QHR distribution is characterized using Theorem 1 (Glédnzel, 1986) on the
basis of a simple relationship between two truncated moments of functions of X. The-
orem 1 is given in Appendix A.

Proportion 5.1.1: Let X: Q — (0, ) be a continuous random variable. Let

-1 CTONE 210(1-eQulaby)) -1
h(x) = 6 [1+(9—1)(1_e Q] ﬁy>” ll+A_(1+(9—1)(1—eQ(x|067/3’~y)))‘|

and

hy(x) = 207 1e Q) [1 + (9_1)<1_e-Q(x\aﬁ,y))]2

_e-Qlapy) -
1+4+2- 2)L9(1 ¢ ) :| ;x> 0.

(14 (-1)(1-e-QWiehn))

The pdf of X is (6) if and only if p(x)(in Theorem 1) has the formp(x) = eQla )
Proof. 1f X has pdf (6), then

(1-F(x))E(h (X)|X 2x) = e Q#¥BY) 4 > 0,
and
(1-F(x))E(hy(X)| X 2x) = e 2Q@AY) 4 > 0,

Conversely, if p(x) =e?™1*A7) then p'(x) = A(x|a, B, y) €217 and the differential
equation.
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s'(x) = % = 2A(x|a, 8, y) has solution s(x) = 2Q(x|a, 3, y).

Therefore in the light of theorem 1, X has pdf (6).
Corollary 5.1.1: Let X: Q — (0, «)be a continuous random variable and let

Iy (x) = 26~ QlaBy

i+ (6-1) (1-e- Q)] 210(1-e Qb)) B .
6 T+ (6-1)(1eQeliy) | T

The pdf of X is (6) if and only if there exist functions p(x) and h(x)satisfy the
equation
/ -2
pe 9( Al . y)eQ(x\a-ﬁ‘y)) [1 +(6-1) (l_efQ(xlaﬁY))}

P ()~ (%)
ll - 216(1-e- Q) ]

1+ (0-1)(1-e QW)
(26)

Remark 5.1.1: The general solution of (26) is.
0(A(xla B, y)e Qb))

%) — e2Q@lapy) —h(x
plx) = 2l /< n )[1+(6—1)(1—’3‘(2("""’/3’”)]72

Z)Le(l—e—Q(x\m[)’?y))
1 —
= (1 + (6-1)(1-eQxlabr))) dx + D,

where D is a constant.

Characterization via hazard function
Here we characterize TG-QHR distribution via hazard function of X.

Definition 5.2.1: Let X:Q — (0,) be a continuous random variable with cdf
F(x)and pdf fix).The hazard function,/ig(x), of a twice differentiable distribution func-
tion satisfies the differential equation

d _ ()
%[ logf(x)] = () ~hp(x).

Proposition 5.2.1 Let X: Q — (0, «) be continuous random variable. The pdf of X is
(6), if and only if its hazard function, s(x), satisfies the first order differential equation

W (x)eQ¥BY) 1 A(x|a, B, y)eQHYBY) ()

e-Qalapy) (1-A(1-e-Qxlagy))?

(B +29%)~(Alxla. B.y)* | MB+2y) (1A (1-24D)) + D (A(sla B, y))ze"“"“’ﬁ'”} x>0

Proof: If the pdf of X is (6), then the above differential equation holds. Now, if the
differential equation holds, then

d d 1 A
4 Qulapn) | — 4
dx {nr0e - dx <A(’“|""ﬁ 22 [eo(xww + 1_A(1_eQ(W~ﬁ‘y))} )

or
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1 A

_ ~Q(xlaBy)
h(x) = Alxla. B y)e e Quiahy) T I (1—e QBN |’

which is the hazard function of the TG-QHR distribution.

Characterization via reverse hazard function

Here we characterize TG-QHR distribution via reverse hazard function of X.
Definition 5.3.1: Let X:Q — (0,~) be a continuous random variable with cdf

F(x)and pdf fix).The reverse hazard function,r#(x), of a twice differentiable distribution

function satisfies the differential equation

i o X)| = r/F (x) relx
o/ ()] = TS ).

Proposition 5.3.1 Let X: Q — (0, o) be continuous random variable. The pdf of X is
(6) if and only if its reverse hazard function,rs satisfies the first order differential
equation.

Py (x)eQCB) 1 A(xla, B y)e @By (x)

(B + 2yx) (1-e” 8 ~(A(x|a, B, y)) e Q1A
(1-e-Qlapn))?

MB + 2yx) (1 + Ae Qb)) 4 12 (A(x]a, B, y)) e~ QlaAr)
(1 + de-Qulpin))? '

Proof: If the pdf of X is (6), then the above differential equation holds. Now, if the

differential equation holds, then

dx

d d [ AlxlaB,y)  AA(xla.B:y)
Qlapy)) — 4 ) - Lt
{’F(x)e } [(1_ea(xu,ﬂ,y>) 1+ de-Qulapy) |’

T dx

or

1 A
(1-e-Q&lahr)) 1 + le-QWlasy)

rA@=AwMﬁmk”mM”[ }x>o

which is the reverse hazard function of the TG-QHR distribution.

Definition 5.4.1: Let X:Q — (0, =) be a continuous random variable with cdf F(x)
and pdf fix).The elasticity function, ex(x), of a twice differentiable distribution function
satisfies the differential equation

e/(x)  e(x)
e(x) x

d
[ Inf(x)] =

Proposition 5.4.1 Let X: Q — (0, «) be continuous random variable. The pdf of X is
(6) if and only if its elasticity,ef(x), satisfies the first order differential equation.
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Ep(x)xe25 0B 4 A (s, y)eQ B e (x)

(ax™! + 2B+ 3yx) (1-e QEY)) + (A(xla, B, y)) e AxI2)
(1—e-Qulapn))?

Max™ + 2B + 3yx) (1 + Ae Qab)) + 1> (A(x|a, B, y)) e Qalaby)
(1 + Ne-Qxlagy))? '

Proof: If the pdf of X is (6), then the above differential equation holds. Now, if the

differential equation holds, then

d d 1 A
a Q)| _ 4 ~
e {ep(x)xe } = dx |:A(x|“7ﬁv Y) {(l—e‘Q(f‘“ﬁ‘Y)) 1+ Ae_Q<xa‘ﬁ*}’):|:| s

or

1 A
- -Q(xlaByy) -
eF(x) - xA(x‘avﬁv )’)e |:(1_eQ(x|a,lB,y)) 1 + e QxlaBy)

},x>07

which is the elasticity function of the TG-QHR distribution.

Maximum likelihood estimation
In this section, parameters estimates are derived using maximum likelihood method. The
log likelihood function for TG-QHR with the vector of parameters @ = (a, f5, 6, 1) is

L(x;,®) =n In0 + Z InA(x;|a, B,y)- Z Qx| B, y)-2

Z In [l—i—(@—l)(l—e ‘“ﬁy)} +Z In

1+2-

216 (1-e~ Qb))
(1 + (6-1)(1-e Quebr))) |°

(27)

In order to compute the estimates of parameters of TG-QHR distribution, the following
nonlinear equations must be solved simultaneously:

%L(xi,d)) Z( xl|a /))a le+2le letexz)|“,‘W)):|

10 xi((g_l) + (1_e—o<x,-\m/s,y>)-1)‘ (1-e~QuleB)) 2 g Qlay)
+= =0,

I
2 14 A-246((6-1) + (1-¢-0m) )

(28)

d
9B

20-QxilaB.y) }

x°e #
Zx, Z [1 + (6-1)(1-eQslwBy))

x2 ((g_l) + (1_e*Q(xi|'1«ﬁﬂ}’))71)_ (1_e—Q<xi\uﬁ,y>)%—Q(ma,ﬁw

anz 1 =0,

1+ A-220((6-1) + (1-e-Qkes) )

— L(x;, )—nln9+z x|oc/)’y

(29)
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Py 2 x,se_Q(xl‘xvﬁv)'>
—L(x;, @) = 13— (6-1) :
a1 D =2 e By umxm -2 E:L+w&4th@wwwj

x3 ((0_1) + (1_e—Q(x,\vt,/>’yY)) _1) N (1_e-Q(xi\a,ﬁ-,}’))_2e—Q(xi\nc.B-,}')

216
Y 7 -0
1+1-216 ((6—1) + (1—e—0<xt\wﬁﬁr>)‘1)

(30)

é
aL(xl‘, (D) =

1—20((9—1) + (1—e-Q<xl‘|“ﬁvY>)l> _1]

ll +A—2A6<(0_1) + (l_e—Q(xia_ﬁﬁy))1> —1‘| N
%L(x“q)) = 3*22 {(0*1) + (176’Q(9¢,aﬁ=)'))71:| -

((1 e Q(xﬂlﬁ}’) ! + (6- 1)) _2,19(1_37Q(x,u.ﬁ.y))’1((1_37Q(x,\aﬁvy))’l +(9_1))_2}
=0.

1 -1
1+ 2-226((1-e-Qtsn) ™+ (6-1))

-3

Simulation studies

In this Section, we perform two simulation studies based on graphical results by
using selected TG-QHR distributions. To see the performance of MLE’s of these
distributions, we generate N =1000 samples of sizes n=20,30,...,1000 from
TG-QHR distribution. For the first simulation study, we take true values of «, 3,
y, Oparameters as 5,3,2,0.5 respectively. For the second simulation study, we take
true values of a, B, y, Oparameters as 2,2,1,0.2 respectively. Note that we assume
Aas known for both simulation studies. The random number generation is

obtained with inverse of its cdf. The MLEs, say (()f,,/)’l,)/l7 )for i=1,2,..,N, have
been obtained by CG routine in R programme.
We also calculate the mean, standard deviations (sd), bias and mean square error
(MSE) of the MLEs. The bias and MSE are calculated by (for #=a, 3, y, ).
1 1000 1 1000 / » 2
Bias, = —— (iu-h) and MSE o (=)
51 = 1050 2_ict an "~ 1000
The results of the simulations are reported in Figs. 3 and 4. From these Figures, we
can say that for four parameters the empirical means approach the true values when
sample size increases whereas the bias, MSE and sd’s decrease as the sample size in-
creases, as expected.

Applications

The potentiality of TG-QHR distribution is demonstrated by its application to real
data sets. The TG-QHR distribution is compared with G-QHR, T-QHR, QHR dis-
tributions. Goodness of fit of this distribution through different methods is studied.
Different goodness fit measures such as “Cramer-von Mises (W), Anderson Darling
(A), Kolmogorov-Smirnov (K-S) statistics with p-values and likelihood ratio
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Fig. 3 First simulation results with A= —0.5

statistics” are computed using R-package for strengths of 1.5 cm glass fibers and
breaking stress of carbon fibers. The maximum likelihood estimates (MLEs) of un-
known parameters and values of goodness of fit measures are computed for
TG-QHR distribution and its sub-models. The better fit corresponds to smaller W,
A, K-S and-¢ value.
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Fig. 4 Second simulation results with A=0.5
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Table 3 Goodness-of-fit statistics for data set |

Model W A K-S (p-value) -2
TG-QHR 0.08535245 0.4819065 0.0989 (0.5688) 11.54902
G-QHR 0.1067002 0.5958679 0.1002 (0.5517) 12.05694
T-QHR 03824438 2096342 0.2826 (8.512e-05) 30.84517
QHR 0.3824438 2.096342 0.2826 (8.512e-05) 30.84517

Boldface entries indicates that the proposed distribution is best fitted to data sets

Application I: Strengths of glass fibers
The values of data about strengths of 1.5 cm glass fibers (Smith and Naylor; 1987)
are: 0.55, 0.74, 0.77, 0.81, 0.84, 0.93, 1.04, 1.11, 1.13, 1.24, 1.25, 1.27, 1.28, 1.29,
1.30, 1.36, 1.39, 1.42, 148, 148, 1.49, 1.49, 1.50, 1.50, 1.51, 1.52, 1.53, 1.54, 1.55,
1.55, 1.58, 1.59, 1.60, 1.61, 1.61, 1.61, 1.61, 1.62, 1.62, 1.63, 1.64, 1.66, 1.66, 1.66,
1.67, 1.68, 1.68, 1.69, 1.70, 1.70, 1.73, 1.76, 1.76, 1.77, 1.78, 1.81, 1.82, 1.84, 1.84,
1.89, 2.00, 2.01, 2.24.

The MLEs (standard errors) are given in Table 2. Table 3 displays goodness-of-fit
statistics such as W, A, K-S (p-values) and -£.

We can perceive that TG-QHR model is accurate fitted to data I because good of fit
measures are smaller and graphical plots such as estimated pdf, cdf and pp. plots are
closer to data set I (Fig. 5).

a b .

15

1.0

Density
CDF

0.5

0.5 1.0 1.5 20 0.5 1.0 15 20

Expected Probability

Observed Probability

Fig. 5 Estimated pdf for TG-QHR and Estimated cdf for TG-QHR for data set I. PP plot for data Set |
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Table 5 Goodness-of-fit statistics for data set |l
Model W A K-S -2

TG-QHR 0.03773332 0.2636783 0.0605 (0.9689) 84.68752
G-QHR 0.04143493 0.2847517 0.0646 (0.9458) 84.8047
T-QHR 0.105313 0.5788886 0.1273 (0.2353) 87.01444
QHR 0.1053131 0.578889 0.1273 (0.2353) 87.01444

Boldface entries indicates that the proposed distribution is best fitted to data sets

Application II: Breaking stress of carbon fibers
The values of data about breaking stress of carbon fibers (Nichols and Padgett;
2006) are: 3.70, 2.74, 2.73, 2.50, 3.60, 3.11, 3.27, 2.87, 1.47, 3.11, 3.56, 4.42, 241,
3.19, 3.22, 1.69, 3.28, 3.09, 1.87, 3.15, 4.90, 1.57, 2.67, 2.93, 3.22, 3.39, 2.81, 4.20,
3.33, 2.55, 3.31, 3.31, 2.85, 1.25, 4.38, 1.84, 0.39, 3.68, 2.48, 0.85, 1.61, 2.79, 4.70,
2.03, 1.89, 2.88, 2.82, 2.05, 3.65, 3.75, 2.43, 2.95, 2.97, 3.39, 2.96, 2.35, 2.55, 2.59,
2.03, 1.61, 2.12, 3.15, 1.08, 2.56, 1.80, 2.53.

The MLEs (standard errors) are given in Table 4. Table 5 displays goodness-of-fit sta-
tistics such as W, A, K-S (p-values) and -£.

We can perceive that TG-QHR model is accurate fitted to data II because good of fit
measures are smaller and graphical plots such as estimated pdf, cdf and pp. plots are
closer to data set II (Fig. 6).
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Fig. 6 Estimated pdf for TG-QHR and Estimated cdf for TG-QHR for data set II. PP Plots for data set Il
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Conclusions

We have developed a more flexible distribution which is suitable for applications
in survival analysis, reliability and actuarial science. The important properties of
the proposed TG-QHR distribution such as survival function, hazard function, re-
verse hazard function, cumulative hazard function, mills ratio, elasticity, quantile
function, moments about the origin, incomplete moments and inequality mea-
sures are presented. The proposed distribution is characterized via different tech-
niques. Maximum Likelihood estimates are computed. The simulation studies are
performed on the basis of graphical results to illustrate the performance of max-
imum likelihood estimates of this distribution. Applications of our model to real
data sets (strength of glass fibers and stress of carbon fibers) are given to show
its significance and flexibility. Goodness of fit shows that our distribution is a
better fit. We have demonstrated that the proposed distribution is empirically
better for lifetime applications.

Appendix A
Theorem 1: Let (Q), F, P) be a probability space and let [dy, d,] be an interval with d,
<dyd, = — oo, dy=00). Also suppose that a continuous random variable X :Q — [d;,

d,] has distribution function F. Let hi(x) and hy(x) be two real functions continuous

on [dy, ds] such that % =

simple form. Assume that, hy(x), hy (x)e C([dy, d3])p(x) € C*([dy, dy)) and F is strictly
monotone function and twofold continuously differentiable on interval[d,, d,]. Assume
that the equality hy(x)p(x) = h1(x) has no real result inside of [d, dy]. Then cdf “F 7is

obtained from hy(x), hy(x) andp(x)functions as F(x) = [} K\#| exp(-s(¢))dt,

hay(t)-h (t)
where s(t) is obtained from equation s'(t) = 1%% and K is a constant, selected to

p(x) where p(x) is real function and should be in

make fo dF = 1.
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