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1 Introduction

In recent years, several methods for generating new models from classic distributions
have been proposed. A detailed study about “the evolution of methods for generaliz-
ing classic distributions” was made by Lee et al. (2013). A generalization of the standard
normal distribution is sought because it can provide more accurate statistical models
and inferential procedures. For instance, the beta normal distribution was pioneered by
Eugene et al. (2002), who discussed some of its structural properties.

Additionally, the beta generalized normal (BGN) distribution was proposed by Cintra
et al. (2013) to extend the beta normal distribution. They applied the BGN model to the
synthetic aperture radar image processing. This paper presents a new extended normal
(EN) distribution based on the family introduced by Cordeiro et al. (2013).

For any continuous cumulative distribution function (cdf) G(x), Cordeiro et al. (2013)
defined the cdf of the exponentiated generalized (EG) family by

F =[1-{1-G6w)]’, (1)

where a > 0 and b > 0 are two additional shape parameters whose role is to generate dis-
tributions with heavier/lighter tails and provide wider ranges for skewness and kurtosis.
These parameters are sought as a manner to furnish a more flexible distribution.
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Because of its tractable cdf (1), the EG family can be used quite effectively even if the
data are censored. This family is capable to return univariate models for any type of sup-
port. Further, it allows for greater flexibility of its tails and can be widely applied in many
areas such as engineering and biology.

Its probability density function (pdf) has a very simple form

f@) =ab {1 -Gw¥* ' [1-{1-G6w)]"" gw. @)

An important advantage of the density (2) is its ability of fitting skewed data that can
not be often fitted by existing distributions. Based on the cdf G(x) and pdf g(x) of any
baseline G distribution, we can associate the EG-G pdf (2) with two extra parameters. The
EG family can be used for discriminating between the G and EG-G distributions.

The baseline distribution G(x) is a special case of (2) whena = b = 1. Fora = 1, it gives
the exponentiated-G (“Exp-G”) class. If b = 1, we obtain the Lehmann type II-G (LTII-G)
class. Eq. (2) generalizes both Lehmann types [ and II alternative classes (Lehmann 1953).
In fact, this equation can be defined as the exponentiated generator applied to the LTII-G
class.

Note that even if g(x) is a symmetric density, the density f(x) will not be symmetric.
The cdf (1) has tractable properties especially for simulations, since its quantile function
(gf) has a simple form

x:Qg{[l— (1—14111);]},

where Qg (u) is the baseline qf.

This paper is outlined as follows. In Section 2, we define the EN distribution and provide
plots of its density function. A linear representation for the EN density function is derived
in Section 3. We obtain an explicit expression for its moments in Section 4. In Section 5,
we provide the maximum likelihood estimates (MLEs) of the parameters. In Section 6, we
define the EN regression model and discuss the estimation of the model parameters. In
Section 7, we perform some simulations and present three applications to real data sets.
Finally, some concluding remarks are addressed in Section 8.

2 TheENdistribution
Due to the analytical tractability of its pdf and its importance in asymptotic theory
(such as the central limit theorem and delta mehtod), the normal distribution is the most
popular model distribution in applications to real data with support in R.

When the number of observations is large, it can serve as an approximate distribution
for several other models. The normal N(u, o) pdf (for x € R) is

S S [ MR D £ 2
g p,0) = mae _U¢< pu ): (3)

where 11 € R is a mean parameter, o > 0 is a scale parameter and ¢ (x) = (27)~ /2 e /2

is the standard normal pdf.
Its cdf has the form

Gl p,0) = /x gt u,0)dt = <I><x_u), (4)

o0 o

where ®(x) = [ i oo ®(®) dt is the standard normal cdf.
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By inserting (3) and (4) in Egs. (1) and (2), the cdf and pdf of the EN distribution (for
x € R) can be expressed, respectively, as

o= [ oo () T

and

Hereafter, a random variable X having density (6) is denoted by X ~ EN(a, b, 1, 0).
Evidently, this density does not involve any complicated function and the normal distri-
bution arises as the basic exemplar when a = b = 1. It is a positive point of the current
generalization. Moreover, the qf of X is

Qenp) = pu + 0@ (1 - [1 - p;]é).

m=EX) =o0cabl,, + 4,

where
* a—1 a b—1
Ty = 2@ [1 — 2@]1" " {1-[1 - ®@)]*}" dz
—00
In next sections, other moment results are proved. Moreover, from the previous qf of the
EN distribution, the associated median, say A, is

M= Qen(1/2) = oz4p + 1,
where z,, = ®°! (1 -[1- 2_1/1’]1/“) is the standard normal quantile at 1 —

1 . . .
[1 —271/7] /* Thus, the next function suggests a symmetric discussion:

right asymmetry, ifz,;, >abZl,,
symmetry, ifz,, =abl,
left asymmetry, ifz,, <abZ,p.

We motivate the paper by comparing the performances of the EN, normal, skew-normal
(SN) and beta-normal (BN) models fitted to two real data sets. Figure 1 displays possible
shapes of the density function (6) for some parametervalues. We can note the flexibility
of the EN distribution with respect to the normal distribution.

3 Linear representation

A useful linear representation for (2) can be derived using the concept of exponentiated
distributions. For an arbitrary baseline cdf G(x), a random variable T is said to have the
exponentiated-G (Exp-G) distribution with power parameter a > 0, say T ~Exp-G(a), if
its pdf and cdf are

Hy(x) = G*(x) and hu(x) = ag(x) G**(x),

respectively. Several properties of the exponentiated distributions have been studied by
some authors recently such as those for the exponentiated Weibull (Mudholkar and Sri-
vastava 1993) and exponentiated generalized gamma (Cordeiro et al. 2013) distributions.
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Fig. 1 Plots of the EN density functions for some parameter values. a (1, o) = (0,1), b (1,0) = (0, 1)

Theorem 1 Let X ~ EN(a, b, i, o). The pdf of X can be written as

[ = Z Wit By (%), (7)

j=0
where hjy1(x) is the exponentiated-normal (Exp-N) density with power parameter j + 1,

say Exp- N(u, 0,j + 1), namely
i+1) [(x—pu x—pY
ya ) = . ¢( )cb( )
o o o

The proof of this theorem is given in Appendix A.
It is possible to verify using symbolic software (such as Maple) that Zfio wit1 = las

expected.

Equation (7) is the main result of this section. It reveals that the EN density is a lin-
ear combination of Exp-N densities. So, several mathematical properties of the proposed
distribution can then be obtained from those of the Exp-N distribution using previous

results given by Régo et al. (2012).

4 Moments

First, we determine the probability weighted moments (PWMs) of the standard normal
distribution since they are required for the ordinary moments of the EN distribution. The
standard normal PWMs are defined by

Tnj = / 7" ®(2) $(2) dz,

for n > 0 and j > 0 integers.
The result holds

rre(2)], en

Applying the binomial expansion and interchanging terms gives

i B0 [ o ()

m=0

D (2)
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Based on the power series for the error function

(_1)r22r+1

2 o0
@ = =2 o’

we can obtain 7,,; from Egs. (9)—(11) given by Nadarajah (2008).
For n + j — r even, we have

; / j r n+j—r+1
= on/2 L =(+1/2) J (f) r J
Tn,j ™ > ) (5 > x

r=0
(n+j—r) even

F(/'*r) Ml 1% §‘—1 -1 (8)
A 2 Y27"'72)21-'~121 ye e )

where ngr) (-) is the Lauricella function of type A. See, for example, Exton (1978)!. If
n + k — j is odd, the corresponding terms in t,,; vanish.

Corollary 1 Suppose that 1, = E(X") exists. Then,

o0
1y, =EX™) =Y "+ 1) wjs1 T, )
j=0

where 1, is given by (8).

The skewness and kurtosis of X can be computed from Qpn(p) using Bowley and Moors
well-known quantities. Figure 2 displays plots of the skewness and kurtosis measures of
X for selected values of 4 and b. We note that the skewness and kurtosis values for the

normal distribution are obtained when values for (a, b) tend to (1, 1).

5 Estimation
Consider a random variable X ~ EN(a, b, i, o) and let @ = (a, b, 1, o) | be the model
parameters, where (-) ' is the transposition operator. Thus, the associated log-likelihood

function for one observation x is
2(0;x) = log(a) + log(h) — log(o) + (a — 1) log [1 - (%)]
+b - Diog{1 - [1- & ()]} + log[o (:52)]. (10)
Given a data set x1,...,%,, the MLE of @ is determined by maximizing £,(0) =

YL ;).

Based on Eq. (10), the score vector is

Up = (U, Uy, Uy, Uy )"

_(Mn(f)) d,(0) 0¢,(0) Bﬁn(ﬁ))T
- da = b au do ’

whose components are

n
n Xi —
u, = - El 1—-—@

i=1

s

L-[1-o()]
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An advantage of the EN distribution is that the MLE b has a partially closed-form
expression. Suppose that the observed information matrix is non-negative definite. The
MLE of b can be expressed in terms of the MLEs @, & and 0 as

’b\ = (p(/ﬂ\,ﬁya\r {xl) ’xl’l})
n 2\ 1A\ 7
<n1;10gil—[1—¢(’c’8”)]}) . (11)

This fact is important at least for two reasons. The estimates become the solutions of

a system with three equations and three variables (say “(3, 3) system”) instead of a (4,4)
system. Further, Eq. (11) clarifies the relationship of b with @, 71 and 5. More details are
described in the simulation section.

Additionally, in order to make inference on the model parameters, the total observed
information matrix is /(9) = {—U,s}, where U,s = 3% £(0)/36, 86, for r,s € {a,b,u,0}.
By differentiating the score function, we obtain the Hessian matrix elements U/, given in
Appendix B.

6 TheEN regression model
The classical normal linear regression model is usually applied in science and engineer-
ing to describe symmetrical data for which linear functions of unknown parameters are
used to explain the phenomena under study. However, it is well-known that several phe-
nomena are not always in agreement with the classical regression model due to lack of
symmetry and/or the presence of heavy and lightly tails in the empirical distribution. As
an alternative to overcome this shortcoming, we propose a new regression model based
on the EN distribution thus extending the normal linear regression.

Letv;, = (vi1,... ,vip)T be the p x 1 explanatory variable vector associated with the
ith response variable x; (for i = 1,...,n). Let X; be a response variable having the EN
distribution given by (6) re-parameterized as

X; = V;r B+ o027, (12)

where the random error Z ~ EN(a, b,0,1) has the standardized EN distribution, 8 =
B1r-- > f}p)T is the unknown vector of coefficients, ¢ > 0 is an unknown dispersion
parameter and v; is the explanatory vector modeling the location parameter u; = v, B.
Hence, the location parameter vector g = (i1, ...,/t,)  of the EN regression model
has the linear structure u = VB, where V. =[v;|...|v,]" is a known model matrix.
The EN regression model (12) opens new possibilities for fitting many different types of
data, since the EN distribution is much more flexible then the normal distribution. The

most important special regressions are:

e Fora = 1, it gives the exponentiated-normal (Exp-N) regression model, which has
not been explored, but it can be understood as a regression under the power normal
distribution pioneered by Kundu and Gupta (2013).

e For b = 1, it reduces to the LTII-normal (LTII-N) regression model defined as a
linear model under the LTII-N distribution.

e Ifa = b =1, itreduces to the normal linear regression.
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For statistical inference on the EN regression model, we consider a sample
(X1,v1), ..., (X, vi) of n independent observations. The log-likelihood function for the
vector of parameters 5 = (a, b,o, ﬂT)T of model (12) is

) = nlog( ) Zlog eD) +(a—1)Zlog[1—<1><z,>1

+(b-1) Zlog{l—[ 1-(z)]"), (13)

i=1

where z; = (x; — viTB)/(r and x; is a possible outcome of X;.
The components of the score vector U (n) are

al(n) [1- d>(zl 1“log[1 — (z)]
» f+;log[1—¢(z,)]—(b—1)2 hooer]

al
% 74 Zlog{l [1-®(z)]"},

aam _ n 2 5 (a—1) zip (2;)
do o G;Zl+ o ;[1—¢(Zi)]

alb—1) ¢ zip @)1 - (z)]!
_ - Z

11— @)

Am) 2~ @@= vid@)
W o T L e

a1 ;v - )]
L 1-[1 - ®(z)]*)

i=1
wherej=1,...,p.

Note that a closed-form expression for the MLE 7 is analytically intractable and,
therefore, its computation has to be performed numerically by means of a nonlinear
optimization algorithm.

We can maximize the log-likelihood function (13) based on the Newton-Raphson
method. In particular, we use the matrix programming language Ox (MaxBFGS function)
(see Doornik 2007) to calculate 7. Initial values for 8 and o can be taken from the fit of
the classical regression model (a = b = 1).

Under general regularity conditions, the asymptotic distribution of (§ — 3) is multi-
variate normal N, 3(0,K ()~ 1), where K() is the expected information matrix. These
conditions can be found in Cox and Hinkley’s Theoretical Statistics book (1974). The
asymptotic covariance matrix K()~! of 7 can be approximated by the inverse of the
(p+3) x (p+3) observed information matrix /() and then the inference on the parameter
vector 7 can be based on the normal approximation N3 ©,J() ™) for 7.

Besides estimation of the model parameters, hypotheses tests can be considered using
likelihood ratio (LR) statistics.
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7 Numerical results

Three studies are presented in this section. First, we perform a Monte Carlo simulation
study. Subsequently, two applications to real data show the potential uses of the new dis-
tribution. Third, the usefulness of the proposed regression model in Section 6 is proved
empirically based on quality of life data.

7.1 Simulation study

Here, we provide a Monte Carlo simulation study in order to quantify the effectiveness of
the EN distribution based on the symmetrized Kullback-Leibler divergence as a goodness-
of-fit comparison criterion.

Initially, we provide a brief discussion on the Kullback-Leibler divergence. According to
Cover and Thomas (1991), this measure is the quantification of the error by assuming that
the Y model is true when the data follow the X distribution. For example, it has been pro-
posed as essential parts of test statistics and strongly applied to contexts of radar synthetic
aperture image processing in both univariate (Nascimento et al. 2010) and polarimetric
(or multivariate) (Nascimento et al. 2014) perspectives.

In order to work with measures which satisfy non-negativity, symmetry and definiteness
properties, Nascimento et al. (2010) considered the measure di;,, namely

dxL(X,Y) = [ DX]||Y) + D(Y]1X)]

5 x,bx, x» Ox
= /p (fx<x;[ax,bx,ux,ox]>—fy<x;[ay,by,uy,oy]))log(f‘(x[“ = "]))dx

Y (%5 [ayx byy My Uy] )

= IntegrandKL(x,y)

Figure 3 displays both functions IntegrandKL(x,y) and dki(X,Y) at the parametric
point [a, b, u,0]=[a,b,0,1] when a,b = 4,5,6. It is noticeable that this measure can
be understood as a distance between the two points—0; = (aj, b1, 12,01) and 0, =
(a2, by, L2, 02)—in the parametric space, say dxy.(01,02).

3.0

2.5
I

IntegrandKL(X,Y)
1.5
di([a +e,b..ol.[a,b,u.c])
1
di([a.b +e.1.0].[a.b,u,c])
1
I

Support ¢ ¢

(a) Behavior of the function (b) Influence of @ under b = 3 (c) Influence of b under a = 6
IntegrandKL with (a,b) = and (u,o0) = (0,1). and (p,0) = (0,1).
(2,4).

Fig. 3 lllustration of both IntegrandKL(x, y) and dk (X, Y) for the parametric point [a, b, u,01=[a,b,0, 1]
with a,b = 4,5, 6. a Behavior of the function IntegrandKL with (g, b) = (2,4), b Influence of a under b = 3
and (i, 0) = (0, 1), cInfluence of b undera = 6 and (i, o) = (0, 1)
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For increasing values of &, the IntegrandKL(X,Y) has different forms. Further,
IntegrandKL(X,Y) — O whene — 0.

Figure 3b and c reveal the influence of @ and b, respectively, when we employ a perturba-
tion in each parameter under (1, o) = (0, 1). As expected, when the value of ¢ increases,
the distance di, also increases in both cases. However, this distance is most evident when
we take smaller negative values of .

Table 1 gives the asymptotic performance of the maximum likelihood procedure dis-
cussed in the previous section with respect to the Kullback-Leibler distance, where we
identify critical scenarios under the parametric space, which can require a harder maxi-
mum likelihood estimation. The results support the fact: “when we wish to estimate one
additional parameter (a or b) given that the MLE for the other parameter is known and
higher than one, then the biases of the estimates tend to increase for high values of the
parameter of interest” In particular, at the MLE of b given @, the above information finds
strong justification in Eq. (11). Based on this equation, when @ takes high values, the MLE
of b collapses for an indetermination algebraic.

7.2 Two applications to real data
Here, we perform two applications to real data sets. First, we consider the data the
strengths of glass fibres analyzed by Jones and Faddy (2004). These data were obtained
at the National Physical Laboratory (UK) to explain the breaking strength of sixty three
glass fibres having length 1.5 cm.

As a second application, we consider the fatigue life data (Meeker and Escobar 1998) for
sixty seven specimens of Alloy T7987 that failed before having accumulated three hundred
thousand cycles of testing. The data set was rounded to the nearest thousand cycles.

We prove empirically the efficiency of the EN distribution versus the normal, skew-
normal (SN) (Azzalini 1984) and beta normal (BN) (Eugene et al. 2002) distributions.

The SN density [T ~ SN(a, i, )] has the form (for x, a, © € Rand o > 0)

peanr= (2 o (2

and the BN density [T ~ BN(«, B8, 4, 0)] is (forx, © € Rand «, 8,0 > 0)

et <18(SE) [ (L] o (5]

whereJ = I'(a + B)/[T'(e) ['(B) o].
We compare the distributions using three goodness-of-fit (GoF) measures: Anderson-
Darling (A*), Cramer-Von Mises (W*) and Kolmogorov-Smirnov (KS) statistics. We

Table 1 The KL distance between fitted and theoretical densities for n = 100 and different values for

aandb
b

a 0.5 0.8 1.0 15 20 2.5
0.5 6.837 5.984 5.662 4.064 2.690 0.545
0.8 4.259 5628 4.636 4497 3.581 1.263
1.0 4663 5.149 4.999 4834 4.242 2.135
15 1.988 3.450 4.349 5791 5.549 4301
2.0 1527 2.884 3.687 6.786 7.075 7517

25 1435 2.728 3.837 6.590 7.287 10.148
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adopt the goodness.fit function from the R program through the BFGS method. Accord-
ing to detailed discussion in Quang (1989), these measures are more indicated than the
Akaike information criterion (AIC) and Bayesian information criterion (BIC) or some of
their variations, which are more useful for nested models. Table 2 gives the GoF measures
for each fitted distribution with respect to both data sets.

The GoF’s measures for the EN distribution correspond to the lowest values among the
discrimination criteria (highlighted in Table 2). These results provide evidence that the
EN distribution is the most suitable model (among those considered) to describe both
data sets.

7.3 Application for regression models

We assess changes on the oral health-related quality of life (OHRQL) of schoolchildren.
To that end, a follow-up exam of three years was made to evaluate the impact of caries
incidence on the OHRQL of adolescents. The data were obtained from a study (for more
details, see Paula et al. 2012) developed by the Department of Community Dentistry, Divi-
sion of Health Education and Health Promotion, Piracicaba Dental School, University of
Campinas-UNICAMP.

The variables employed are (fori = 1, ...,291):

e x;: overall score of the OHRQL at time of follow up;
e v;: number of teeth decayed, missing and filled (TDMF)
(0 = without TDMF increment; 1 = with TDMF increment).

We analyze these data based on the EN regression model
Xi=fo+ prva +0Z; i=1,...,291,

where the errors Z;’s are independent random variables having the EN(«, b, 0, 1) distribu-
tion.

The gamma-normal (GN) (Lima et al. 2015) distribution extends the normal distribu-
tion and can be used to fit data that come from a distribution with heavy tails reducing
the influence of aberrant observations. The GN density with location parameter p € R,
dispersion parameter ¢ > 0 and shape parameter a > 0 takes the form

f@) = Url(a) qb(";“) {—log[l— ® (";“)}}_1

Further, the EN regression model is compared with the Exp-N, LTII-N, normal and GN

regression models. Table 3 provides the MLEs of the parameters for the EN regression
and these models.

Iterative maximization of the log-likelihood function (13) starts with initial values for
and o taken from the fit of the classical regression model (a = b = 1). In general, all fitted
regression models reveal that v; is significant at a 1% level of significance and that there
is a significant difference between the levels of the numbers of teeth decayed, missing
and filled. As expected, we find reciprocal relations between u; = E(X;) and vy; in the
EN, LTII-N, GN and normal regression models, except for the Exp-N regression (which-
although well adjusted-does not seem to be a coherent model). On the other hand, based
on the estimates of o, the EN regression model reveals advantages in relation to the other
models.
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Table 3 MLEs, SEs in (+) and p-values between [ -] for the EN, Exp-N, LTII-N, normal and GN
regressions fitted to the OHRQL data

Estimates
Model a b o Bo Bi
EN 0.1058 0.1624 7.0973 30.8602 -10.3707
(0.0156) (0.0139) (0.1076) (0.5989) (0.5728)
[< 0.001] [< 0.001]
Exp-N 1 0.0489 9.6059 64.4529 14.2817
(0.0024) (0.1431) (2.2873) (1.3420)
[< 0.001] [< 0.001]
LTI-N 0.1900 1 10.5286 46992 -7.4972
(0.0129) (0.2224) (1.5689) (0.8623)
[0.0030] [< 0.001]
Normal 1 1 19.3853 256139 -7.2402
(0.8035) (1.9289) (2.3872)
[< 0.0001] [0.0026]
GN 5.1249 23.5382 -31.2214 -7.0051
(2.9739) (1.4877) (28.4676) (2.2982)
[0.2737] [0.0025]

The values of the AIC, Consistent Akaike Information Criterion (CAIC) and BIC to
compare the fitted models are given in Table 4.

It is clear that the EN regression model outperforms the other regressions irrespective
of the criteria and then we can conclude that the new regression model can be used effec-
tively in the analysis of the current data set. A comparison of the proposed regression
model with some of its sub-models using LR statistics is addressed in Table 5.

The figures in this table, specially the p-values, indicate that the EN regression model
yields a better fit to these data than the other sub-models.

A graphical comparison among the fitted regression models is reported in Figure 4. The
plots of these curves are the empirical cdf and the estimated cdf. Based on these plots, it
is evident that the EN regression model provides a superior fit to the current data.

8 Conclusions

Flexible statistical distributions have been sought for describing data from practical situ-
ations in which the use of classical ones is not recommended. In this paper, we propose
an extension of the normal distribution based on the exponentiated generalized family
defined by Cordeiro et al. (2011), which adds two extra shape parameters to a baseline
distribution. We provide some structural properties of the new extended normal (EN)

distribution. The model parameters are estimated by maximum likelihood. The efficiency

Table 4 AIC, CAIC and BIC Statistics

Statistic
Model AlC CAIC BIC
EN 25154 25156 25337
Exp-N 27258 27259 2740.5
LTI-N 25236 25238 25383
Normal 2557.2 25573 25683

GN 25450 25451 2559.7
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Table 5 LR statistics

Model Hypotheses A p-value
EN vs Exp-N Ho :a=1vsH; : Hyis false 2124 < 0.001
EN vs LTII-N Ho : b =1vsHy : Hyis false 10.2 0.0014

EN vs Normal Ho:a=b=1vsH; :Hpisfalse 458 < 0.001

of this distribution is illustrated by means of two applications to real data sets. There is
a clear evidence that the EN distribution outperforms the skew-normal distribution and
can be a competitive alternative to the beta normal distribution. The classical regression
model does not produce good results in many real problems, and for this reason several
extensions have arisen in recent years. We propose a new regression model based on the
EN distribution and prove its importance in real applications. This new regression model
opens a wide range of research topics following the basic inference concepts of the normal
linear regression model.

Endnote
!Exton H. Handbook of hypergeometric integrals: theory, applications, tables, com-
puter programs, 1978

Appendix A: Proof for the Theorem 3.1
We consider the power series
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Fig. 4 Estimated cdf and the empirical cdf of the EN regression model
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which holds for any real non-integer b and |z] < 1. Using this generalized binomial
expansion twice in Eq. (1), we can write the EG-G cumulative distribution as

o0
F(x) = Z Wjt1 Hjt1(x),
=0

where wjy1 = Y oo (—1ytmHl (51) (;i‘i) and Hj;1(x) is the Exp-G cdf with power

parameter j + 1. By differentiating the last equation, we obtain (7).

Appendix B: The Hessian matrix
The elements of the Hessian matrix are:
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