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1 Introduction and motivation

The Lindley distribution was first introduced as a one scale parameter distribution by
Lindley (1958). In the recent years, researchers have given Lindley distribution a special
attention for its importance in modelling complex real lifetime data. Some researchers
went in the track of studying the Lindley distribution and its properties in more details.
Ghitany et al. (2008) studied some properties of the one parameter Lindley distribu-
tion, and in the application part, they showed that it is more flexible and works better in
modelling lifetime data than the known exponential distribution. Other researchers have
introduced more flexible generalizations of Lindley by compounding Lindley with other
well-known distributions. A two parameters extension of Lindley distribution was inves-
tigated by Ghitany et al. (2011), Nadarajah et al. (2011), Shanker et al. (2013), and Shanker
et al. (2017). More recently, another two-parameter Lindley distribution was introduced
by Dey et al. (2019), which provides a better fit to skewed real data than the inverse
Lindley distribution introduced by Sharma et al. (2015). With comparison to Weibull
distribution, Arslan et al. (2017) proposed the use of Generalized Lindley distribution
introduced by Nadarajah et al. (2011) as an alternative to the Weibull distribution when
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modeling wind speed data. A notable amount of attention in the literature is given to the
three-parameter Lindley distribution generalization. Many three-parameter generaliza-
tions have been defined, analyzed and presented as a competitive models to well-known
distributions (From these three-parameter generalization; the one proposed by Zak-
erzadeh and Dolati (2009), Elbatal et al. (2013), and another three-parameter Lindley was
introduced by Ashour and Eltehiwy (2015), which was extended by the exponentiation of
Lindley distribution. The various three-parameter Lindley generalizations defined over
the past decade assembled strength and flexibility in modelling the different shapes of
lifetime data. As a result, less interest was given to studying Lindley generalization with
more than three parameters. One of the few four-parameter generalizations of Lindley
distribution is named the beta-generalized Lindley distribution, and it was proposed by
Oluyede and Yang (2015).

Generalizing distributions mainly depends on adding more flexibility to known distri-
butions which result from implanting a basic distribution into more capable structure.
The literature of Distribution Theory is full of different techniques to generalize contin-
uous distributions to enhance their abilities in modeling real world data. Lee et al. (2013)
discussed the different methods for generating distributions with more details.

In this paper, we use the transform-transformer framework (7-X class) introduced by
Alzaatreh et al. (2013) to generalize the one parameter Lindley distribution, and named
it the T-Lindley{Y} class of distributions. Alzaatreh et al. (2014) refined the 7-X class by
defining the T-R{Y’} framework. The 7T-R{Y} method can be briefly defined as follows. Let
T, R and Y be random variables with the respective CDFs Fr (x) = P (T < x),Fr (x) =
P(R <x),and Fy (x) = P(Y <x). The PDFs of T, R and Y are f7(x),fr(x), and fy (x),
respectively. Define the quantile function of the random variable Y as Qy(p) = inf{y :
Fy(y) > p}, 0 < p < 1. The CDF and the PDF of the random variable X, following a
T-R{Y} family of distributions, are respectively defined as

Qy (Fr(x))
Fx(x) = / fr(Hdt = Fr (Qy (F(x))) ,and (1)
Jr (Qy (Fr(x)))
= _— 2
Jx @) = JrG) x Fm e ) @

Generalizing distributions using the T-R{Y} framework involves adding more param-
eters to the generalized distribution. Hence there is more flexibility in modeling lifetime
data. In the recent years, many new classes of distributions using the 7-R{Y’} framework
were introduced as a generalization to known distributions; Alzaatreh et al. (2014) used
this technique to define the T-normal{Y} family of distributions as a generalization to
the normal distribution. Hamed et al. (2018) introduced a generalization for Pareto dis-
tribution using the transform-transformer framework. Alzaghal et al. (2013) proposed an
exponentiation to the T-R{Y} family of distributions by adding an extra parameter to the
random variable T.

In this paper, the T-R{Y} framework was used to generalize the Lindley distribution.
The main motivation for using this frame, is to extend the characteristics of the base-
line Lindley model to fit different shapes of data including left skewed, symmetric and
bimodal. Moreover, to provide better fit than other distributions with the same or more
numbers of parameters when modeling real world data sets.
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The rest of the paper is structured as follows: In Section 2, the definition of the T-
Lindley{Y} class of distributions, and six different subclasses of theT-Lindley{Y} are
proposed. Some statistical properties of this new class of distributions such as modes,
moments, and Shannon’s entropies are investigated in Section 3. In Section 4, some
new members of this new class are introduced and studied in more details. The max-
imum likelihood estimation method is used to estimate the parameters of the normal-
Lindley{Cauchy} distribution and a simulation study is performed in Section 5. The
flexibility of this new class of distributions in fitting four different shapes of data is
illustrated in Section 6. Finally, a brief conclusion of this paper is given in Section 7.

2 The T-Lindley{Y} class of distributions
The cumulative distribution function (CDF) and probability density function (PDF) of the
one parameter Lindley distribution are, respectively, given by
Fx)=1—(1+06x/O+1)e ™ x>06>0 3)
2
SO =577
Using Eq. (1) with Fr(x) to be the CDF defined in Eq. (3), the CDF and PDF of the random
variable X following the general T-Lindley{Y} class of distributions are, respectively, given

(1 +x)e %, x> 0,0 > 0.

as
or(1-{ir)
Fy(x) = / fr(tydt = Fr (Qy (1 — (1 +6x/0 + 1) e ™)), (@)
and
02 o FT (Qy (1 = @ +0x/(6 + 1)) 7))
= 1 % ) 5
Jx@) 1+ 9)( +x)e Sfr (Qy (1= 1 +6x/(6 + 1) e %)) 2

Table 1 provides the six different quantile functions that are used in generating six dif-
ferent subclasses of the T-Lindley{Y} class of distributions. The different subclasses of
T-Lindley{Y} class introduced in this paper are different generalized classes of Lindley
distribution with a maximum of three parameters.

2.1 New T-Lindley{Y} subclasses of distributions
Using the different quantile functions listed in Table 1, six new subclasses of the
T-Lindley{Y} are defined in this subsection.

2.1.1 T-Lindley{uniform} class of distributions
By using the quantile function of the uniform distribution, Qy (») = p, the corresponding
CDF to (4) is

Fx(x) = Fr {FR(»)},

Table 1 Some quantile functions of ¥ and the domains of T

Random variable Y The quantile function Qy (p) Domain of T
(i) Uniform p oM
(ii) Exponential —blog(1 —p),b>0 (0, 00)
(iff) Weibull B(—log(1 —p)'/®, B,a >0 (0,00)
(iv) Log-logistic ap/(1 =p)'/%,ab>0 (0,00)
(v) Logistic a+bloglp/(1 —p)l,a,b>0 (—00,00)

(vi) Cauchy tan(z(p — 0.5)) (—00,00)
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and the corresponding PDF to (5) is

2

i +x)e” " fr (Fr(x)} .

Sx(x) =

2.1.2 T-Lindley{exponential} class of distributions
By using the quantile function of the exponential distribution, Qy (p) = —blog(1 —p), the
corresponding CDF to (4) is

Fx(x) = Fr {—blogl?R(x)} =Fr {—blong(x)}, (6)
and the corresponding PDF to (5) is

6%b (1 + x) =
fX(x) = me {—blogFR(x)} ’ (7)

where F(x) = 1 — F(x). Using the hazard, sz (x), and cumulative hazard, Hg(x), functions
for the Lindley distribution, the CDF and PDF of the T-Lindley{exponential} class can be
written as Fx(x) = Fr {—bHg(x)} and fx(x) = bhr(x)fr {—bHgr(x)}, respectively. There-
fore, the T-Lindley{exponential} class of distributions arises from the hazard function of
the Lindley distribution.

2.1.3 T-Lindley{Weibull} class of distributions
By using the quantile function of the Weibull distribution, Qy(p) = B( —log(1 — pHl/e,
the corresponding CDF to (4) is

Fx(x) = Fr | B(~logFr(x))"*| = Fr {B(~logFr) "},
and the corresponding PDF to (5) is

_ B +w) -
Jx(x) = m(—logﬂe(x))

Note that, if« = 1in Eq. (8), then the PDF of the T-Lindley{Weibull} class of distributions
reduces to the PDF of the T-Lindley{exponential} class of distributions.

—1+1/

“fr {ﬂ (- IngR(x))l/ a} , (8)

2.1.4 T-Lindley{Log-logistic} class of distributions
By using the quantile function of the log-logistic distribution, Qy(p) = a(p/(1 — p))l/ b
the corresponding CDF to (4) is

_ 1 0 Ox 1/b
Fx(x) = Fr {a(FRm)/FR(x))”b}:FT{a(%—1) } ©)

and the corresponding PDF to (5) is

Sx(x) =

141 1

a(l+6)(1 + %02 [ (1 + 0)e’™ . ”bf (1+6)e 2%

_ A LT
b(Ox+6 +1) 0x+6 + 1 "1\ ox+0+1

(10)

Note that, if a = b = 1, then the family of distributions in Eq. (10) arising from the odds
of the Lindley distribution and it is given by

(1+6)(1 +x)6%eH {( (1 +6)e’™ 1)}

K@ = — 1 Ox+60+1
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2.1.5 T-Lindley{Logistic} class of distributions
By using the quantile function of the logistic distribution,Qy (p) = a + blog (p/(1 — p)),
the corresponding CDF to (4) is

Fx(x) = Fr {a+ blog (Fr(x)/Fr(x))} = Fr {a + blo A+ -1
= SRRy = 5T E\oxvo+1 ’
and the corresponding PDF to (5) is
b(1 + x)6* (1 +6)e™
= bl — —1])t. 11
S sy B - nvon L LA ey, (1)
Ifa = 0 and b = 1, then the family of distribution in Eq. (11) arising from the logit

function of the Lindley distribution and it is given by

B 1+ x)0? (14 6)e™
K = G e T DEry " {log <9x+9+1 - 1) } ’

2.1.6 T-Lindley{Cauchy} class of distributions
By using the quantile function of the Cauchy distribution, Qy(p) = tan(z(p —0.5)), the
corresponding CDF to (4) is

Fx(x) = Fr {tan (7 (Fr(x) — 0.5))}, (12)

and the corresponding PDF to (5) is

0%y

0+1

f(x) = (1 +x)e *sec® {x (Fr(x) — 0.5)} fr {tan ( (Fr(x) — 0.5))}.  (13)

3 SOME structural properties of the T-Lindley{Y} class of distributions
In this section, some structural properties of the new proposed class of distributions is
discussed in details. Proofs are not provided for obvious results.

Lemma 1 Let T be a random variable with PDF fr(x), then the random variable
X = Qr(Fy(T)) follows the T- Lindley{Y} class of distributions, where Qg(-) is the quantile
function of Lindley distribution. As a result, X can be simplified to

X =Kw_, (Fy(D)),

where Ky _(Z) = —1%9 - éW_l (—Z(Q + l)e_(9+1)) and W_, denotes the negative
branch of the Lambert W function. For more details about the negative branch of the
Lambert function; see Lazri and Zeghdoudi (2016).

Corollary 1 Based on Lemma 1, we have

(i) X =Kw_, 1—T) follows the T-Lindley{uniform} class,
(i) X=Kw_, (e_(T/ b)) follows the T-Lindley{exponential} class,
(i) X =Kw , (e_(T/ ﬁ)a) follows T-Lindley{Weibull} class,

-1
(iv) X=Kw, ((1 + (T/a)b) > follows the T-Lindley{log-logistic} class,

v) X=Ky, ((1 + e(T—a)/h)J) follows the T-Lindley{logistic} class,
(vi) X =Kw_, ((0.5 — (arctan T) /m)) follows the T-Lindley{Cauchy} class.

The importance of Lemma 1 is that it shows the relationship between the random vari-
able X and the random varaiable 7. As an example, we can generate the random variable X
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that follows the T-Lindley{Cauchyj} distribution in Eq. (12) by first simulating the random
variable T from the PDF fr(x) and then computing X = Ky _, ((0.5 — (arctan T)/m)),
which has the CDF Fy(x)

Lemma 2 If Qx(»),0 < p < 1 denote a quantile function of the random variable X.
Then, the quantile function for T-Lindley{Y} class is given by Qx(p) = Qr {Fy(QT(p)} ,
which can be reduced to

Qx(p) = Kw_, (Fy(Qr(p)).

Corollary 2 Based on Lemma 2, the quantile functions for the (i) T- Lindley{uniform},
(ii) T- Lindley{exponential}, (iii) T- Lindley{ Weibull}, (iv) T- Lindley{log-logistic}, (v) T-
Lindley{logistic}, and (vi) T- Lindley{Cauchy} classes of distributions, are respectively

() X=Kw,1-Qr(p),

(i) X =Kw._, (e—(QT(P)/b)),
(i) X =Ky, (e—(QT(P)/ﬂ)'I)’

() X=K, ((1 + (QT@)/a)b)_l),

) X=Ky, ((1 n e(QT(P)fa)/b)A),
(vi) X =Kw_, ((0.5 — (arctan Qr(p))/7)).

Theorem 1 The mode(s) of the T- Lindley{Y} class are the solutions of the equation
x+1= M+ (Q Er@))})

where M = 6 — W {fr (Q, (Fr(x)))} and W (f) = f'/f.

Proof Using the fact that f(x) = (1/(1 +x) — 0) fr(x), the derivative of fx(x) can be
written as fy(x) = fx(*)R(x), where R(x) = 1/(14+x) — 6 + ¥ {fT (Qy (FR(x)))} -
v {fy (Qy (Fr (x))) } The equation to be solved to find the mode(s) of fx (x) can be obtained
by solving the equation R(x) = 0. O

Corollary 3 Based on Theorem 1, the mode(s) of the (i) T- Lindley{uniform}, (ii) T-
Lindley{exponential}, (iii) T- Lindley{Weibull}, (iv) T- Lindley{log-logistic}, (v) T- Lind-
ley{logistic}, and (vi) T- Lindley{Cauchy} distributions are solutions of the following
equations, respectively,

(i) x+1=M71,

(i) x+1=(M—-0*A+x/0+6(1+x))

_ (1+x)62 (1—a) -
(i) x+1= (M+ A+0+40) (alog[e*"e(1+x0/(1+9))] - 1)) ’

-1
; _ (1+x)02 (—2b(1+6+x0)+(b+1)e* (149))
) x+1= (M T T b(—1—(1+w)0+e (140)) (140 +x0) ’

3 (1+x)92(—ex9(1+0)+2(1+0+x9)))1

v) x+1= (M (1+0+20) (1+0+x0—e* (1+0))

-1
V) x+1=M-2re 92 an [n’ (0.5 — e (1 + 1%))]) ,



Hamed and Alzaghal Journal of Statistical Distributions and Applications (2021) 8:11 Page 7 of 22

In Section 4, the normal-Lindley{Cauchy} distribution is an example of a bimodal distri-
bution, which means that Corollary 3 (vi) could have more than one solution to represent
a bimodal distribution.

The entropy of a random variable X is a measure of variation of uncertainty. Entropy
has several applications in information theory, physics, chemistry and engineering. The
Shannon’s entropy for a continuous random variable X with PDF f(x) is defined as nx =
E [— logf(x)] (Shannon 1948).

Theorem 2 The Shannon’s entropy for the T-Lindley{Y} class is given by
nx = nr — Opux + E (log fy (1)) — log (6*/(1 + 6)) — E (log(1 + X)),
where, 01 is the Shannon’s entropy for the random variable T and |y is the mean of the

random variable X.

Proof By the definition of the Shannon entropy,

nx = E {~logfr (Q {FRCO})} + E {logfy (Qy {Fr(0})} — E {log fz(X)} .
Using the fact that the random variable T = Q, {Fr(X)} for the T- Lindley{Y} class, the
nx can be written as

nx = n1 + E (log fy (1)) + E {—log(fr (X))} .
Now, log(fz(x)) = log (6%/(1 + 6)) + log(1 + x) — 6, which implies

E{-log(fa(X))} = —log (6%/(1 + 6)) — E (log(1 + X)) — 0E(X).

Hence, nx = n7 + E (log fy (T)) — log (62/(1 + 6)) — E (log(1 + X)) — O ux. O

Corollary 4 Based on Theorem 2, the Shannon’s entropies of the (i) T- Lindley{uniform},
(ii) T- Lindley{exponential}, (iii) T- Lindley{ Weibull}, (iv) T- Lindley{log-logistic}, (v) T-
Lindley{logistic}, and (vi) T- Lindley{Cauch} classes of distributions, respectively, are given
by

(i) nx=Ew_,(Q-T)) —log(6/(1+0)),

i) nx =Ew_, (e TP) — ur/b—1log©/(1+0)),

(i) nx =Ew_, (e T/P") + (@ — 1)E(log T) — E(T*) /B* — log (af/B%(1 + 0)),

T
(iv) nx=Ew_, (e_F> —log (%) + (B —1)E (log g) —2E (log (1 + (g)ﬂ»,
T—q\—1 _ —T+a

(v) nx=Ew._, ((1 + eT) ) — (%) —2F (log (1 te b )) — log (ﬁ),
(vi) nx =Ew_, (05— (arctanT)/m) — E (Iog(T2 + 1)) —log (6/m(1+0)).
Where, Ey_,(Z) = nt — Opux — E (log (-1 — W_; {—Z(9 + l)e_(9+1)})) and ur is the

mean for the random variable T.

Theorem 3 The r'" non-central moments for the T-Lindley{Y} class of distributions are
given by

EX") = (1/0)" > " buen,E[1 — Fy (D],

j=0 n=0
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n _ n—1
where b,, = (nag) 'Y [r(l+1) —nlah,_irbo, = ay ap, = %(0—}—
=1

1) e+ DOD apd e, . = (;)(—(9 +1)"7.
Proof From lemma 1,

E(X") = E(—9 - fW_ [-Frne + 1)e—<9+1>})

By using the binomial expansion and the series expansion for the Lambert W_; function,

x -1 n—1_n-2
W_1(2) = Z %zn, (14)

n=1

whenever |z| < 1/e, the X" can be written as

X=6"Y C)(— @+ 1))’/’(2 an(fym)”“) :
j=0 n=0

where ¢, and a, defined in the statement of Theorem 3. Therefore, E(X") =

r o0
07" > ¢urburE Fy(T))nH. See Gradshteyn and Ryzhik (2007), where b, , can be
j=0n=0
obtained from the recurrence relation defined in Theorem 3. O

Corollary 5 Based on Theorem 3, the " non-central moments for the (i) T- Lind-
ley{uniform}, (ii) T- Lindley{exponential}, (iii) T- Lindley{Weibull}, (iv) T- Lindley{log-
logistic}, (v) T- Lindley{logistic}, and (vi) T- Lindley{Cauchy} classes of distributions,
respectively, are given by

r oo

(i) EX) =073 curbn,EQ—T)"™, exists if E(1 — T)"*! exist.
j=0 n=0
UBgS 1 1
(i) EX)=6" Cnpbuy My (Z05H), exists it My (22 ) < oo.
b
j=0n=0
r o0
(iii) EX")=60""> Y cnrbp,Mre ( (ZH)) exists if M (%) < o0.
j=0 n=0
roo _p\ —(n+1) _p\ —(n+1)
(v) EXN=6"% Y Cn,rbn,rE<1 + (%) b) , exists ifE(l + (%) b)
j=0 n=0
exist. I
(v) EXH=6"> ¥ (T ("H))cnrbnrMT o i) exists if Mr_ o by < 0.
j=0 1,i=0
r o0 1 3 3 .
vi) EXD) =07 > ("7)0.5)" " (=) ey by E(arctan T)', exists if
j=0n,i=0

E(arctan T'Y exist.

Where Mx (t) = E(e*X).

The next theorem is about the mean deviation from the mean, D(x), and the mean
deviation from the median, D(M), for the T-Lindley{Y} class of distributions.

Theorem 4 The D(i) and D(M) for the T-Lindley{Y} class of distributions, respectively,
are given by

Dy, = 24 Fr(Qy(Fr(1))) — 20, and Dy = ju — 2y,



Hamed and Alzaghal Journal of Statistical Distributions and Applications (2021) 8:11 Page 9 of 22

where | and M are the mean and median for X, and I, = (—(140)/6)Fx(q) +
o — Hn—

LS g, [QED £y (F ) du, where ay = ﬁ(e 4 1)nen@+D),
n=1

Proof For a nonnegative random variable X, we have D, = E (|X — ul) = 20 Fx(u) —
21y, and Dy = E(IX —M|) = p — 2Iy, where I; = foqxfx(x) dx. From Eq. (2) and
Lemma 1, we have [, = f?;(FR(q)) fr(u) Qr(Fy(#)) du. By using the series expansion

of Lambart W function given in Eq. (14), Qr(:) can be written as Qr(p) = —10%9 +
00 .

% > an(1—p)", where a, = ﬁ(@ +1)" @+ In turn, implies the result in
n=1

Theorem 4. O

Corollary 6 Based on Theorem 4, the I(q)’s for (i) T-Lindley{unif-orm}, (ii) T-
Lindley{exponential}, (iii) T- Lindley{Weibull}, (iv) T- Lindley{log-logistic}, (v) T- Lind-
ley{logistic}, and (vi) T- Lindley{Cauchy} classes of distributions, respectively, are given
by

() do=Hy+§ 33 () 1/anSu(a,0,), where Hy = (~(1+0)/0) Fx(@),
n=1j=

Se(q,z,r) = fZQY(FR(q)) &"fr(u)du, and Qy for uniform distribution.

o0

(i) I, =Hy;+ % > auS,u(q, 0, —n), where Qy for exponential distribution.
n=1
o0

(i) I, =H;+ é > anS,wpe (q,0, —n), where Qy for Weibull distribution.
=1
nOO o0

(iv) I, =Hy;+ % > S ay (;n)s(u/a)b (4,0,)), where Qy for log-logistic distribution.
n=1;=0

o0
v) I;=H;+ é > anS,u-am (g, —0,)), where Qy for logistic distribution.
n=1

00 K . .
(vi) I;=Hy;+ % >y (7)(%)” /(_1)J%Sarctan(u) (q, —oo,j), where Qy for Cauchy
n=1;=0

distribution.

Theorem 4 and Corollary 6 can be used to obtain the mean deviations for T- Lind-
ley{uniform}, T- Lindley {exponential}, T- Lindley{Weibull}, T- Lindley{log-logistic}, T-
Lindley{logistic}, and T- Lindley{Cauchy} distributions.

4 Some members of the T-Lindley{Y} class of distributions

In this section, three new distributions of the class of T-Lindley{Y} are studied. The first
is a member of the T-L{E} subclass, the second is a member of the T-L{LL} subclass, and
the last one is a member of the T-L{C} subclass.

4.1 The Weibull-Lindley{Exponential} distribution

Let the random variable T follows the Weibull distribution with parameters y and

o, the CDF of T is then Fr(x) = 1 — e @/ where x > 0, y,a > 0.
Using Eq. (6), the CDF of the Weibull-Lindley{exponential} (W-L{E}) distribution is
defined as

Fy(x) = 1 — e~ {~blogll=Fr®)]/¥}*
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With 8 = b/y and using Eq. (7), the corresponding PDF of W-L{E} distribution is given

by

Sx(x) =

afO>(1 + x)
1+6+0x

{~BlogFr(m)}* e {-losFk]”, (15)

When o = 1, Eq. (15) reduces to the exponential-Lindley{exponential} distribution, when
a = B =1, Eq. (15) is reduced to exponentiated-Lindley distribution, and wheno = 8 =
6 = 1, Eq. (15) is simply the Lindley distribution.

In Fig. 1, various plots of the W-L{E} are provided for different values of the parame-
ters 0, o, and B. The graphs show that the W-L{E} can be unimodal with monotonically
decreasing (reversed J-shape), skewed to the right, symmetric, or skewed to the left.

Using the general properties of the T-Lindley{Y} class of distributions derived in
Section 2, the following properties of the W-L{E} distribution are obtained:

(i)

(i)

(iv)

The Quantile function: By using Corollary 2 part (ii), the quantile function of the
W-L{E} is given by
6+1 1

Qx(p)=————-—-W_, {—(9 + 1)e’(

O+1)+(~log(1-p))"/*/8)
o 0 '

Mode: By using corollary 3 part (i), the mode of W-L{E} distribution is the
solution of the following equation which can be evaluated numerically
x+1=(0-W{a e} —02A+x)/A+00+x))

where z = (_ﬁ lOg {(1 +60x/(0 + 1)) efex})d—le_(ﬂ log{(1+9x/(9+1))e—9x})a .
The r* non-central moments: By using Corollary 5 part (ii), the ## non-central

moments of W-L{E} distribution are given by

e — (-1 (n+ 1) ,
EX") =6 ZZC”"b’”T & I+ i/a).

j=0 n,i=0

The Mean deviations: By using Theorem 4 and Corollary 6 part (ii), the mean
deviation from the mean and the mean deviation from the median of W-L{E} are

given by

Dy = 2u Fr(Qy(Fr(w))) — 2l and Dy = o — 20y,

e ]

P i — 8=05 0=75 B=2

w | 0=04 0=8 Pp=4

oi ¢ - 8=25 a=15 B=2

o | - 8=15 0=15 p=2

N A —— 06=25 a=35 B=05

o | A <—- 0=15 a=05 B=4

o |

Ie}

Q-

o

o T
3.0

Fig. 1 PDFs of W-L{£} for various values of 6, and 8
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Fig.2 PDFs of £-L{LL} for various values of 8, and B

0 X i i =

where I is given by I, = H, + é >y % a, T [1 + %, (- logFR(q))a] ,and
n=1i=0

I'(o,x) = f: u®*~le~"duy is the incomplete gamma function.

4.2 The exponential-Lindley{Log-logistic} distribution

Let the random variable T follows the exponential distribution with parameter y and
with the CDF Fr(x) = 1 — e~*/7. Using Eq. (9), the CDF of the exponential-Lindley{Log-
Logistic} (E-L{LL}) distribution is defined as

Fy(x) = 1 — e~ 1@ER@/A=Fr@)' )y

With « = a/y and using Eq. (10), the PDF of the E-L{LL} distribution is given by

—1+1/B8 FR(x) 1/8
) e‘“(l—FRm) )

Fr(x)
1— Fp(x)

a(1+6)02 (1 +x)e* (

H® == T e 1 em)

Figures 2 and 3 provide different graphs of the E-L{LL} distribution for various values of
0,a and B. The plots show that the E-L{LL} distribution can be unimodal with either a

monotonically decreasing behavior or skewed.

e —6=1 a=1 p=05
9=2 o=2 p=05
o T 6=15 o=15 Bp=05
o , - =05 a=55 p=0.1
S i =~ 0=05 0=55 p=025
2 o | o
e |
[Te)
Q-
o
=
T
3
Fig.3 PDFs of £-L{LL} for various values of 8, and B
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Fig. 4 PDFs of N-L{C} distribution for various values of 8, u and o

4.3 The Normal-Lindley{Cauchy} distribution
Let the random variable T follows the normal distribution with parameters p and o,
then the CDF and the PDF of T are Fr(x) = & (%) and fr(x) = o~ '¢ (%) =
ﬁe(_(’c—")z/zaz), where ¢ (x) is N(u,0), ®(x) is the CDF of ¢(x),0 > 0, and —o0 <
X, L < 00.

Using Eq. (12), the CDF of the normal-Lindley{Cauchy}(N-L{C}) distribution is defined

as
Fx(x) = ® ((tan{rr [ Fr(x) — 0.5] } — u)/o).
Using Eq. (13), the PDF of the N-L{C} distribution is given by

2
few) = A [20 (1+x) e Pesc? (nFr®)) e(—(anCr(FR()-05) )% /20%)
1+0)

Figures 4 and 5 provide different graphs of the N-L{C} distribution for various values of
0, nand 0. Figure 4 shows that this new class of Lindley distribution can be unimodal with
either skewed right, left, or symmetric curves. While Fig. 5 is showing that the N-L{C}
distribution, with only three parameters, is flexible to assemble bimodality behavior.

— 0=15 pu=0 o=25
g - 6=15 pu=2 o¢=2
0=3 u=6 o=55
-. 6=2 u=8 o0=5
1o}
- — = 6=2 u=1 o=15
8 Lot
= o |
[Ie}
92
o |
e T T T T T T T
0.0 0.5 1.0 15 2.0 2.5 3.0
X
Fig. 5 PDFs of N-L{C} distribution for various values of 6, . and o
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5 Estimation and simulation for the parameters of the N-L{C} distribution

In this section, the unknown parameters of the N-L{C} distribution are estimated using
the maximum likelihood (ML) estimation method. Then, a simulation study to assist the
performance of the maximum likelihood estimates (MLEs) is presented.

5.1 Estimation
Let X3, X», ..., X;; be a random sample of size n from N-L{C} and ® = (0, u, o)1 be vector
of parameters of dimension 3.

_ 14040« e

By setting z; = — 75~ ~0%i the log-likelihood function for @ is given by

n n n
£(®) =C; —nlogo — Zlog 1+ x;) — 62 lez + ZZlog (cscmz;)
i=1 i=1 i=1

1 n
= 5e3 > (u—tanw (05— z))%,
i=1

where C1 = 0.5nlog(%) + 2nlog6 + nlog(l +0).

. 14x;
By setting t; = % - ﬁ — x;, the score vector

U(®) = (Up = 8L/36,U,, = 3L/, Uy = 3€/30)T,

for the parameters 0, i, and o are derived analytically as

2n n n "
Uy = " + ke Zi:l x; — 27 Zi:l zi cot(rz;) (£)

+ % Z;l zi(—t) (seczn (0.5 — zi)) (n —tanm (0.5 — z;)),

n
U, =—o2 Zi:l (u — tan7w (0.5 —z;)),

no YL (u—tanw (05 —z))?

uo' =——+ 3 )
o o
respectively. By setting the equations U/, = 0 and U, = 0, the MLEs of /i and 6 are given
by
i1 tan (0.5 — z;
po Zim 0572 (16)
n
" (A —tan (05 — )

6= \/ Yicy (i~ tan ) : (17)

n

Hence, we first maximize the log-likelihood function

n . 2
(=00©)=C) — glog (Zn (Zi:l an(05—z) tan(05 — Zi)> /n>

i=1 n

n

— Z log (1 + x;) — Z (Qx,')2 +2 Zlog (cscmz;)
i=1

i=1 i=1

n 2": (Zf’zl tan (0.5 — z;)
- N 2
2> (A —tan (0.5 — )" i n
with respect to 6, which gives the MLE of 6 , then substitute 6 into Eq. (16) to find the
MLE & for the parameter y, and substitute 6 and /i into Eq. (17) to find the MLE & for the

parameter 0. The SAS software was used to run all the needed analysis. The initial value

2
—tanm (0.5 — Z,')) ,

for the parameter 0 is obtained by assuming the random sample x;, i = 1,2...,n is from
Lindley distribution with parameter 6.

Page 13 of 22
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5.2 Simulation

A simulation is used to investigate the performance of the MLEs for the parameters’ of
the N-L{C} distribution. To generate a random sample form N-L{C}, we first generate a
random sample (¢;,i = 1,2..., n) from the normal distribution with parameters 1 and o,
then apply the transformation in Corollary 1 part (vi); X = Kw_, ((0.5 — (arctan T) /7)),
the resulting random sample will follow the N-L{C} class.

Five different sample sizes are considered (n = 25,50, 100, 200, 500) with six different
combinations of parameters (¢ = 0.5,1.5,2, u = 0,0.5,1,2, 0 = 0.5,1.5,2). For each
parameters’ combination and each sample size, the simulation process is repeated 500
times. Table 2 gives the average biases (actual-estimated) and the standard deviations of
6, i and 6. It can be concluded from the table that the efficiency of the ML estimation
method increased with the increase of the sample size where the bias and the standard
deviation got smaller.

Table 2 shows that the ML estimation method is an appropriate technique for estimat-
ing the parameters of the N-L{C} distribution. Similar estimation analysis was conducted

Table 2 Bias and standard deviations for the N-L{C} parameters

Actual Values Bias Standard deviation

0 " o n 6 i & 6 ii &

057 0 0.5 25 -0.0128 -0.0307 -0.0116 0.0988 04183 0.0940
50 -0.0020 0.0001 -0.0009 0.0666 0.2668 0.0579
100 0.0013 0.0111 -0.0008 0.0446 0.1753 0.0413
200 -0.0011 -0.0022 -0.0005 0.0303 0.1180 0.0285
500 -0.0008 -0.0020 -0.0003 0.0186 0.0710 0.0174

0.5t 1 0.5 25 0.0038 -0.1409 -0.0753 0.1192 1.0857 0.4007
50 0.0094 -0.0006 -0.0093 0.0801 0.5569 0.1906
100 0.0075 0.0237 0.0012 0.0538 0.3532 0.1256
200 0.0025 0.0031 -0.0017 0.0369 0.2425 0.0870
500 0.0007 0.0001 -0.0009 0.0219 0.1409 0.0511

15° 0.5 0.5 25 -0.0096 -0.0412 -0.0218 0.3137 0.5165 0.1684
50 0.0115 0.0049 0.0002 0.2042 0.3071 0.0999
100 0.0114 0.0144 0.0021 0.1365 0.2000 0.0712
200 0.0007 -0.0021 -0.0018 0.1004 0.1503 0.0513
500 0.0004 -0.0002 -0.0004 0.0608 0.0886 0.0314

158 0 15 25 -0.0263 -0.0658 0.0304 0.1607 04397 0.2512
50 -0.0043 -0.0172 0.0232 0.1054 0.2984 0.1665
100 -0.0005 0.0036 0.0089 0.0722 0.2057 0.1229
200 -0.0026 -0.0047 0.0020 0.0516 0.1454 0.0850
500 -0.0017 -0.0016 -0.0011 0.0319 0.0914 0.0516

28 1 15 25 0.0005 -0.0578 0.0291 0.2208 0.5701 0.3653
50 0.0123 -0.0018 0.0344 0.1454 0.3653 0.2392
100 0.0085 0.0153 0.0166 0.0964 0.2464 0.1730
200 0.0017 -0.0009 0.0037 0.0711 0.1793 0.1246
500 0.0003 0.0008 0.0015 0.0418 0.1066 0.0745

158 2 2 25 0.0206 -0.0385 0.0735 0.1638 0.9175 0.6150
50 0.0176 0.0270 0.0711 0.1069 0.5780 0.4045
100 0.0111 0.0390 0.0376 0.0706 0.3896 0.2904
200 0.0029 0.0016 0.0107 0.0501 0.2910 0.2042
500 0.0014 0.0046 0.0061 0.0299 0.1685 0.1235

RSkewed to the right, *symmetric,  skewed to the left, Ebimodal distribution
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for W-L{E} and E-L{LL} distributions. The results show that the ML method is an
appropriate method for estimating the parameters of T-Lindley{Y} class of distributions.

6 Applications of some T-Lindley{Y} distributions

In this section, the applicability of W-L{E}, E-L{LL} and N-L{C} as members of the T-
Lindley{Y?} class of distributions in modeling real data set is presented. Four different data
sets including right skewed, left skewed, symmetric and bimodal shapes are considered.
The flexibility of the T-L{Y} members are compared with other well-known distributions
The computations and the statistical analysis for the different applications were done
using the SAS software. For each one of the application, the ML estimation method is
used to estimate the parameters of the fitted distributions. The initial value for the param-
eter 0 for the W-L{E} and E-L{LL} distributions is obtained in a similar manner to the one
used for the N-L{C} and the initial value for the rest of their parameters is set to 1.

To compare the different fitted models, the following goodness of fit tests were carried:
the value of two times the minus log-likelihood function —2log/, Akaike information
criterion (AIC), Bayesian information criterion (BIC), Kolmogorov-Smirnov (K-S) and
its corresponding p-value. We have also considered the Anderson—Darling (A*) and
Cramér—von Mises (W*), see Chen and Balakrishnan (1995) for details regarding these
statistics. In general, the smaller the value of any of the goodness fit test correspond to
a better fit for the data. Except for the p-value of the K-S test, the higher the p-value the
better the fit. The first three applications illustrate the different shapes of a unimodal data
sets; right skewed, symmetric and left skewed. The fourth and last application represents
the modeling of a bimodal data set.

6.1 The United Kingdom quarterly gas consumption between the years 1960-1986

In this first application, the quarterly logged demand for gas in the United Kingdom
between the years 1960 -1986 is used. The gas consumption data set is heavily skewed
to the right. Tahir et al. (2016) fitted this data using the Weibull-Dagum distribution
(WD) defined based on the Weibull-G class that is proposed by Bourguignon et al. (2014).
The WD flexibility in modeling this data set was compared to the one of Beta-Dagum
distribution (BD) introduced by Domma and Condino (2013). The BD distribution is a
sub-distribution of the beta-G class presented by Eugene et al. (2002).The five parameter
DB with the additional two positive shape parameters, placed second in fitting this data
set compared to the WD. Tahir et al. (2016) tests’ results for DW and BD are included
in Tables 3 and 4. To examine the flexibility of the three members of T-L{Y} class of
distributions with three parameters in fitting this data set, another two competitive Lind-
ley generalized distributions with three parameters were used in this comparison. The
first one is the Beta Lindley distribution (BL) proposed by Merovci and Sharma (2014),
and the second one is the Generalized Lindley distribution (GL) due to Zakerzadeh and
Dolati (2009). On examining the results in Tables 3 and 4, we observe that all the dis-
tributions specifically the T-L{Y} members give an adequate fit to the data. However,
the three-parameter N-L{C} distribution provides the smallest —2log/, AIC, BIC, K-
S, A* and W* values and the highest K-S p-value compared to the other competing
six distributions. This put the N-L{C} in top at fitting this skewed right data among
all the considered models including the four-parameter WD and the five-parameter BD
distributions.
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Table 3 MLEs and —2 log / results for data 1

Estimates (Standard error)

Distribution 6 a B i o —2log/

W-L{E} 0.01115 1.1022 04079 14424
(0.0112) (0.1673) (0.5492)

E-L{LL} 0.000992 95182 1.2670 1447.9
(0.0019) (27.5824) (0.0931)

N-L{C} 0.003924 -1.2257 2.1814 14113
(0.0002) (0.2708) (0.1513)

BL 0.03285 3.7594 0.1402 1426.1
(0.0012) (0.9457) (0.0156)

GL 0.006546 1.2101 488.66 1442.0
(0.0009) (0.2813) (98.4565)

WD 130.7596 05323 145.2258 1.7667 1416.2
(128.7734) (0.0832) (126.1961) (0.2007)

BD 1.0692 56.9652 14673 35.9480 13783 14248
(33.1823) (1499.3341) (1.4326) (1085.1941) (0.8115)

Figure 6 displays the histogram and the fitted density functions for the UK gas
consumption data set.

6.2 The annual maximum temperatures at England cities
The second data set is an approximately symmetric data set with 80 observations and is
about the annual maximum temperatures recorded in Oxford and Worthing at England
between the years 1901-1980. The data was first analyzed by Chandler and Bate (2007)
and recently, Alzaatreh et al. (2015) used members of the Weibull-gamma{Y’} family to fit
this data set. The results of the four parameter Weibull-gammai{exponential} (W-G{E})
and Weibull-gamma{log-logistic} (W-G{LL}) were included in this study. In addition to
that, the flexibility of W-L{E}, E-L{LL} and N-L{C} distributions in fitting this data set
were compared to the performance of the BL and GL distributions (see application one).

With the lowest AIC, BIC and A* values, the three-parameter distributions N-L{C} pro-
vides a good fit to this data set compared to the other competing distributions. With the
lowest W* and K-S test values and the highest p-value for the K-S test, the four-parameter
W-G{LL} is also providing a good fit for this data set. But, with one less parameter and
very similar values of the K-S and W* tests, the N-L{C} (once again) is considered the best
in fitting this data set. See Tables 5 and 6.

The histogram of the annual maximum temperature and the fitted PDFs of W-L{E},
N-L{C}, W-G{E} and W-G{L} distributions are presented in Fig. 7.

Table 4 Goodness-of-fit tests for data 1

Statistics
Distribution K-S (p-value) A* w* AIC BIC
N-L{C} 0.0634(0.7787) 0.5090 0.0690 1417.3 14254
BL 0.1196 (0.0911) 1.6426 0.3084 14321 1440.2
WD 0.0764 (0.5544) 0.6320 0.1128 1424.2 1435.0
BD 0.0859 (0.4022) 0.9385 0.1513 14347 14482
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Fig. 6 Fitted PDFs for the UK gas consumption data set

6.3 Time to AIDS

The third data set is about the times in years to infection with AIDS for 295 patients.
Those patients were infected with AIDS virus from a contaminated blood transfusion,
and the time in years it took each one of them to develop the AIDS was measured from
the date of infection. This data is taken from Klein and Moeschberger (1997). Recently,
Weibull Lindley distribution (WL) due to Asgharzadeh et al. (2018) and the extended
Lindley distribution (EL) due to Bakouch et al. (2015) were used to fit this left skewed
data set by Asgharzadeh et al. (2018). Both of these Lindley generalizations provided an
adequate fit to this data set using multiple measures. In this compression, The same T-
L{Y} members used in the previous applications; W-L{E},E-L{LL} and N-L{C} were fitted
to this data in addition to the BL,GL, WL and the EL distributions defined earlier. The
parameter estimates, and the various goodness of fit measures for these seven distribu-
tions in fitting this data set are recorded in Tables 7 and 8. It is obvious from the goodness
of fit measures that the three-parameter T-L{Y} members compete well with the other
distributions. But, based on all of the used goodness of fit measures the E-L{LL} rank first

Table 5 MLEs and —2 log / results for data 2

Estimates (Standard error)

Distributions 0 a B I o —2log/

W-L{E} 0.02659 14818 0.8772 465.8
(0.0021) (1.211) (0.0994)

E-L{LL} 0.01493 0.09245 200.01 466.8
(0.0037) (0.0103) (22.4217)

N-L{C} 0.02363 03412 0.09365 4581
(0.0058) (0.4681) (0.0259)

BL 0.02897 121.83 494720 4714
(0.0053) (23.1719) (18.7428)

GL 2.0057 170.31 9.7207 480.9
(0.0171) (26.4789) (1.4234)

W-G{E} 14579 3924465 0.2048 2.8324 457.97
(0.7993) (169.4705) (0.0901) (4.0113)

W-G{LL} 04753 423.0032 0.2232 0.0481 458.04

(0.1934) (169.6370) (0.0904) (0.1168)
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Table 6 Goodness-of-fit tests for data 2

Statistics
Distribution K-S (p-value) A* w* AIC BIC
W-L{E} 0.1109 (0.2791) 0.8926 0.1323 4718 4789
N-L{C} 0.0641 (0.8979) 0.3083 0.0506 464.1 4712
W-G{E} 0.0643 (0.8958) 0.3094 0.0507 465.97 474.53
W-G{LL} 0.0640 (0.8987) 0.3086 0.0502 466.04 475.04

in fitting this data set by providing the lowest test values provided in Tables 7 and 8. While
the WL and EL distributions provided an adequate fit, they still ranked second and third
in fitting this data sets with the second and third lowest goodness of tests’ values. This
application illustrates the flexibility of the E-L{LL} distribution in fitting a left skewed data
set compared to other well-known Lindley generalizations. In Fig. 8, the histogram of the
time to AIDS data set and the fitted PDFs are presented.

The three previous applications show the flexibility of W-L{E}, E-L{LL} and N-L{C}
members of the T-L{Y7} class of distributions in fitting the different shapes assembly by
unimodal data set well including skewed left, skewed right as well as symmetric. The
fourth and last application illustrates the flexibility of the N-L{C} distribution, a member
of the T-L{Y} class of distributions, in fitting a bimodal data set.

6.4 Times to death of psychiatric patients

The bimodal data set is about the times to death of twenty six psychiatric patients
admitted to the University of Iowa hospital during the period 1935-1948. This data set
is taken from Klein and Moeschberger (1997). Recently, Alzaghal and Hamed (2019)
analyzed this data using the bimodal normal-Lomax{Cauchy} distribution (N-Lo{C}).
Tables 9 and 10 provide the parameter estimates, and the different goodness of fit tests’
results for the different distributions included in this comparison. The performance of the
three-parameter N-L{C} distribution in modeling this data set was compared to the fol-
lowing bimodal competitive distributions: the four-parameter beta-normal distribution
(BN) defined by Famoye et al. (2004), the four-parameter Weibull-gamma{log logis-
tic} distribution (W-G{LL}) introduced by Alzaatreh et al. (2015), the three-parameter
logistic-normal{logistic} distribution (L-N{L}), a member of the T-normal{Y} introduced
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Fig. 7 Fitted PDFs for the annual maximum temperatures in England cities data set
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Table 7 MLEs and —2log / results for data 3

Estimates (Standard error)

Distributions 0 a B i G —2log/

W-L{E} 0.001891 1.8606 17954 1074.2
(0.0003) (0.0877) (6134.81)

E-L{LL} 0.4989 0.1883 0.7019 1064.2
(0.1272) (0.1377) (0.1083)

N-L{C} 0.5640 1.2689 13243 1088.7
(0.0150) (0.1469) (0.0969)

BL 0.0359%6 2.6808 2.6808 10994
(0.0017) (0.2169) (0.2169)

GL 1402 5.099 3.872 11265
(0.1157) (0.5533) (4.373)

WL 0.1595 4.036 0.1949 10714
(0.0324) (0.4329) (0.0064)

EL 0.2066 -0.1425 3.503 10749
(0.0053) (0.0810) (0.2776)

by Alzaatreh et al. (2014), and the four-parameter N-Lo{C}. Finally, the three-parameter
WL distribution was also fitted to this data set. The N-L{C} distribution with only three-
parameter fitted this data well with the smallest AIC, BIC, K-S statistics and with the
highest K-S p-value. The four-parameter N-Lo{C} distribution got the smallest A* and
W* tests’ values, and the same —2log/ test value as the N-L{C} making it a strong com-
petitive to the N-L{C} distribution in fitting this data set. But, with one less parameter the
N-L{C} is providing a superior fit to this data set. Comparing only the three-parameter
distributions applicability in fitting this data set, the WL distribution rank second with
the second smallest AIC, BIC, K-S, A*, W* tests’ values and with the second largest p-
value based on the K-S statistic after the N-L{C} distributions. In Fig. 9, the bimodality of
the data set is clearly captured by the N-L{C} distribution showing the superiority of the
N-L{C} in fitting this data set followed by the N-Lo{C} fit.

7 Conclusion

In this paper, we proposed a new class of distributions, so-called the T-Lindley{Y} class of
distributions. This new Lindley generalization is based on the T-R{Y} methodology. The
T-Lindley{Y} class of distributions have a variety of shapes varying between unimodal
and bimodal. Therefore, members of this class can effectively be used in analyzing uni-
modal as well as bimodal real-world data as presented in the application section. Different
statistical properties of the new proposed class of distributions are investigated. Six new
subclasses based on the quantile functions of uniform, exponential, Weibull, log-logistic,

Table 8 Goodness-of-fit tests for data 3

Statistics
Distribution K-S (p-value) A* w* AIC BIC
W-L{E} 0.0775 (0.0587) 1.3591 0.2159 1080.2 1091.3
E-L{LL} 0.0494 (0.4708) 0.6166 0.1038 1070.2 1081.3
WL 0.0549 (0.3384) 0.8520 0.1383 10774 10884
EL 0.0684 (0.1281) 1.0882 0.1826 1080.9 1092.0
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Table 9 MLEs and —2 log / results for data 4
Estimates (Standard error)
Distributions 0 a 8 i x o —2log/
BN 0.104 171.20 56.289 6.273 190
(0.1086) (316.81) (11.0402) (4.1968)
W-G{LL} 0.394 3.129 2.824 7299 186.7
(0.1394) (2.3302) (1.1677) (948.98)
L-N{L} 21171 0.0922 2.548 198.5
(1.009) (0.0154) (0.1528)
WL 9.901 0.0283 0.043 186.8
(2.822) (0.0101) (0.0105)
N-Lo{C} 604.69 6.2362 6176.5 5119 176.6
(61.5094) (2.5175) (6.0013) (1.8651)
N-L{C} 0.1618 9.5079 104235 176.6
(0.0093) (3.0089) (3.0089)
Table 10 Goodness-of-fit tests for data 4
Statistics
Distribution K-S (p-value) A* w* AIC BIC
BN 0.1801 (0.3677) 0.7497 0.1254 198 203
W-G{LL} 0.1951 (0.2760) 1.0374 0.1561 194.7 199.8
WL 0.1158 (0.8765) 1.0035 0.0598 192.8 196.5
N-Lo{C} 0.0990 (0.9606) 0.2068 0.0287 184.6 189.6
N-L{C} 0.0876 (0.9884) 0.2504 0.0307 182.6 186.4
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Fig. 9 Fitted PDFs for the times to death of psychiatric patients’ data set

logistic and Cauchy are introduced. Three members from three different subclasses are
studied in more details. A simulation analysis is carried to study the performance of the
maximum likelihood estimation method in estimating the unknown parameters of the
three-parameter N-L{C} distribution. In the application section, the N-L{C} distribution
shows a superiority in fitting three out of the four data fitted in comparison to other

known distributions.
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T-X class: The transform-transformer framework; CDF: The Cumulative Distribution Function; PDF: The Probability Density
Function; Qy (p): The Quantile Function; hg(x): The Hazard Function; Hg(x): The Cumulative Hazard; W_1: The negative
branch of the Lambert W function; D(u): The mean deviation from the mean; D(M): The mean deviation from the
median; W-L{E}: The Weibull-Lindley{exponential} distribution; £-L{LL}: The exponential-Lindley{Log-Logistic} distribution;
N-L{C}: The normal-Lindley{Cauchy} distribution; ML: The maximum likelihood; MLEs: The maximum likelihood estimates;
—2log [: Two times the minus log-likelihood function; AIC: The Akaike information criterion; BIC: The Bayesian
information criterion; K-S: The Kolmogorov-Smirnov criterion; A*: The Anderson-Darling test; W*: The Cramér—von Mises
test; WD: The Weibull-Dagum distribution; BD: The Beta-Dagum distribution; BL: The Beta Lindley distribution; GL: The
Generalized Lindley distribution; W-G{E}: The Weibull-gamma exponential; W-G{LL}: The Weibull-gamma{log-logistic}; WL:
The Weibull Lindley distribution; £L: The extended Lindley distribution; N-Lo{C}: The normal-Lomax{Cauchy} distribution;
BN: The beta-normal distribution; W-G{LL}: The Weibull-gammaf{log logistic} distribution; L-N{L}: The
logistic-normalf{logistic} distribution

Acknowledgements

The authors wish to thank the Organisers of the ICOSDA 2019 Conference for the opportunity to present in this great and
well organized conference.The authors extend their sincere gratitude to the Editors of the Journal of Statistical
Distributions and Applications for waving of the APC payment. Also, the authors would like to thank the editor and
anonymous referees for their valuable comments and suggestions that improved the quality of the paper.

Authors’ contributions
Alzaghal and Hamed contributed equally to the manuscript. Alzaghal and Hamed read and approved the final manuscript.

Funding
Not applicable.

Availability of data and materials
Not applicable.

Declarations

Competing interests
The authors declare that they have no competing interests.

Author details
! Department of Mathematics, Winthrop University, Rock Hill, SC, USA. 2Department of Mathematics, State University of
New York at Farmingdale, Farmingdale, USA.



Hamed and Alzaghal Journal of Statistical Distributions and Applications (2021) 8:11 Page 22 of 22

Received: 20 October 2020 Accepted: 21 June 2021
Published online: 19 July 2021

References

Alzaatreh, A, Lee, C, Famoye, F.: A new method for generating families of continuous distributions. METRON. 71(1),
63-79(2013)

Alzaatreh, A, Lee, C, Famoye, F.: T-normal family of distributions: A new approach to generalize the normal distribution. J.
Stat. Distrib. Appl. 1(16), 1-18 (2014)

Alzaatreh, A, Lee, C, Famoye, F.: Family of generalized gamma distributions: Properties and applications. Hacet. J. Math.
Stat. 1(16), 1-18 (2015)

Alzaghal, A, Hamed, D.: New families of generalized Lomax distributions: Properties and applications. Int. J. Stat. Probab.
8(6), 51-68 (2019)

Alzaghal, A, Famoye, F., Lee, C.: Exponentiated T-X family of distributions with some applications. Int. J. Stat. Probab. 2(3),
31-49 (2013)

Arslan, T, Acitas, S., Senoglu, B.: Generalized Lindley and Power Lindley distributions for modeling the wind speed data.
Energy Convers. Manag. 152, 300-311 (2017)

Asgharzadeh, A, Nadarajah, S., Sharafi, F.: Weibull Lindley distribution. Revstat Stat. J. 16(1), 87-113 (2018)

Ashour, S., Eltehiwy, M.: Power Lindley Distribution. J. Adv. Res. 6(6), 895-905 (2015)

Bakouch, H., Al-Zahrani, B., Al-Shomrani, A, Marchi, V., Louzada, F.: An extended Lindley distribution. J. Korean Stat. Soc.
41,75-85(2015)

Bourguignon, M, Silva, R, Cordeiro, G.: The Weibull-G family of probability distributions. J. Data Sci. 12(1), 53-68 (2014)

Chandler, R, Bate, S.: Inference for clustered data using the independence loglikelihood. Biometrika. 94(1), 167-183 (2007)

Chen, G, Balakrishnan, N.: A general purpose approximate goodness-of-fit test. J. Qual. Technol. 27(2), 154-161 (1995)

Dey, S., Nassar, M., Kumar, D.: Alpha power transformed inverse Lindley distribution: A distribution with an upside-down
bathtub-shaped hazard function. J. Comput. Appl. Math. 384, 130-145 (2019)

Domma, F., Condino, F.: The beta-Dagum distribution: definition and properties. Commun. Stat.-Theory Methods. 42(22),
4070-4090 (2013)

Elbatal, I, Merovci, F,, Elgarhy, M.: A New Generalized Lindley Distribution. J. Math. Theory Model. 3(13), 30-47 (2013)

Eugene, N, Lee, C, Famoye, F.: Beta-normal distribution and its applications. Commun. Stat.-Theory Methods. 31(4),
497-512 (2002)

Famoye, F., Lee, C, Eugene, N.: Beta-normal distribution: Bimodality properties and application. J. Mod. Appl. Stat.
Methods. 3(1), 85-103 (2004)

Ghitany, M., Al-gallaf, F., Al-Mutairi, D., Hussain, H.: A Two Parameter Weighted Lindley Distribution and Its Applications to
Survival Data. J. Math. Comput. Simul. 81(6), 1190-1201 (2011)

Ghitany, M., Atieh, B, Nadarajah, S.: Lindley Distribution and Its Application. J. Math. Comput. Simul. 74(4), 493-506 (2008)

Gradshteyn, I. S., Ryzhik, I. M.: Tables of integrals, Series and Products. Elsevier, Inc., London (2007)

Hamed, D., Famoye, F., Lee, C.: On families of generalized Pareto distributions: properties and applications. J. Data Sci.
16(2), 377-396 (2018)

Klein, J. P., Moeschberger, M. L. M.: Survival Analysis: Techniques for Censored and Truncated Data. Springer Verlag, New
York (1997)

Lazri, N., Zeghdoudi, H.: On Lindley-Pareto Distribution: Properties and Application. J. Math. Stat. Oper. Res. 3, 1-7 (2016)

Lee, C, Famoye, F., Alzaatreh, A.: Methods for generating families of univariate continuous distributions in the recent
decades. Wiley Interdiscip. Rev. Comput. Stat. 5(3), 219-238 (2013)

Lindley, D. V.: Fiducial distributions and bayes’ theorem. J. R. Stat. Soc. 20, 102-107 (1958)

Merovci, F., Sharma, V.: The beta-Lindley distribution: properties and applications. J. Appl. Math. 51, 1-10 (2014)

Nadarajah, S., Bakouch, H,, Tahmasbi, R.: A generalized Lindley distribution. Sankhya B. 72(2), 331-359 (2011)

Oluyede, B, Yang, T.: A new class of generalized Lindley distributions with applications. J. Stat. Comput. Simul. 85(10),
2072-2100 (2015)

Shanker, R, Sharma, S., Shanker, R.: A two-parameter Lindley distribution for modeling waiting and survival times data. J.
Appl. Math. 4(2), 363-368 (2013)

Shanker, R, Kamlesh, K, Fesshaye, H.: A Two Parameter Lindley Distribution: Its Properties and Applications. J. Biostat.
Biom. 1(4), 1-7 (2017)

Sharma, V,, Singh, S., Singh, U., Agiwal, V.: The inverse Lindley distribution: a stress-strength reliability model with
application to head and neck cancer data. J. Ind. Prod. Eng. 32(3), 162-173 (2015)

Tahir, M., Cordeiro, G., Mansoor, M., Zubair, M., Alizadeh, M.: The Weibull-Dagum distribution: Properties and applications.
Commun. Stat-Theory Methods. 45(24), 7376-7398 (2016)

Shannon, C. E.: A mathematical theory of communication. Bell Syst. Tech. J. 27, 379-432 (1948)

Zakerzadeh, H., Dolati, A:: Generalized Lindley distribution. J. Math. Ext. 3(2), 13-25 (2009)

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.



	Abstract
	Keywords

	Introduction and motivation
	The T-Lindley{Y} class of distributions
	New T-Lindley{Y} subclasses of distributions
	T-Lindley{uniform} class of distributions
	T-Lindley{exponential} class of distributions
	T-Lindley{Weibull} class of distributions
	T-Lindley{Log-logistic} class of distributions
	T-Lindley{Logistic} class of distributions
	T-Lindley{Cauchy} class of distributions


	SOME structural properties of the T-Lindley{Y} class of distributions
	Some members of the T-Lindley{Y} class of distributions
	The Weibull-Lindley{Exponential} distribution
	The exponential-Lindley{Log-logistic} distribution
	The Normal-Lindley{Cauchy} distribution

	Estimation and simulation for the parameters of the N-L{C} distribution
	Estimation
	Simulation

	Applications of some T-Lindley{Y} distributions
	The United Kingdom quarterly gas consumption between the years 1960-1986
	The annual maximum temperatures at England cities
	Time to AIDS
	Times to death of psychiatric patients

	Conclusion
	Abbreviations
	Acknowledgements
	Authors' contributions
	Funding
	Availability of data and materials
	Competing interests
	Author details
	References
	Publisher's Note

