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1 Introduction

Run counting statistics defined on a sequence of binary (zero (0) - one (1)) ran-
dom variables (RVs), along with their exact and approximate distributions, have
been extensively studied in the literature. Their popularity is due to the fact that
such statistics appear as useful theoretical models in many research areas including
statistics (e.g. hypothesis testing), engineering (e.g. system reliability and quality con-
trol), biology (e.g. population genetics and DNA sequence analysis), computer science
(e.g. encoding/decoding/transmission of digital information) and financial engineering
(e.g. insurance and risk analysis).

In such applications, a key point is the understanding how 1s and Os are distributed
and combined as elements of a 0 — 1 sequence (finite or infinite, memoryless or not) and
eventually forming runs of 1s or Os which are enumerated according to certain counting
schemes. Each scheme defines how runs of same symbols or strings (patterns) of both
symbols are formed and consequently are enumerated. A counting scheme may depend
on, among other considerations, whether overlapping counting is allowed or not as well
as if the counting starts or not from scratch when a run/string of a certain size has been
so far enumerated.

The counting scheme as well as the intrinsic uncertainty of a 0 — 1 sequence are often
suggested by the applications. Probabilistic models, in common use, for the internal struc-
ture of a 0 — 1 sequence include the model of a sequence with elements independent
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of each other or a model for which it is assumed some kind of dependence among the
elements of it. The methods used to derive exact/approximating, marginal/joint probabil-
ity distributions include combinatorial analysis, generating functions, finite Markov chain
imbedding technique, recursive schemes as well as normal, Poisson and large deviation
approximations.

For extensive reviews of the recent literature on the distribution theory of
runs and patterns we refer to Balakrishnan and Koutras (2002) and Fu and
Lou (2003). Current works on the subject include, among others, those of Antzoulakos
and Chadjiconstantinidis (2001); Eryilmaz (2006, 2015, 2016, 2017); Eryilmaz and
Yalcin (2011); Johnson and Fu (2014); Koutras (2003); Koutras et al. (2016); Makri and
Psillakis (2015); Makri et al. (2013) and Mytalas and Zazanis (2013, 2014).

In this article we derive expressions for a conditional distribution of a trivariate statis-
tic. Its components denote the number of runs of 1s of length exceeding a fixed threshold
number, the number of 1s in such runs of 1s and the length of the minimum sequence’s
segment in which these runs are concentrated. The study is developed on a sequence
of two-state (0 — 1) Markov-dependent trials. The runs are enumerated according to
Mood’s (1940) counting scheme.

More specifically, the manuscript is organized as follows. In Section 2 we present some
preliminary material, including notation and definitions, necessary to develop our results
which are obtained in Section 4. In Section 3 we give a motivation along with a statement
of the aim of the work. A numerical example, showed in Section 5, clarifies the theoretical
results of Section 4. A discussion on the results as well as a note on a future work are given
in Section 6.

Throughout the article, for integers, n, m, (;’1) denotes the extended binomial coefficient
(see, Feller (1968), pp. 50, 63), |x] stands for the greatest integer less than or equal to x
and §;; denotes the Kronecker delta fuction of the integer arguments i and ;. Further, for

a > f3, we apply the conventions Zf:a yi =0, H?:a yi =1, Z?:a YD =0 = (8 8>,

H?:a YO =1= <(1) (1)>, where y; and Y® are scalars and 2 x 2 matrices, respectively.

2 Preliminaries

2.1 Run counting statistics

Let {X;}?_;, n > 1, be the first  trials of a binary (0 — 1) sequence of RVs, X; = x; € {0, 1}.
A run of 1s, is a (sub)sequence of {X;}} ;| consisting of consecutive 1s, the number of
which is referred to as its length, preceded and succeeded by Os or by nothing.

Given a fixed integer k, 1 < k < n, a k-tuple of 1s is a run of 1s of length k or more. In
the paper we will deal with the following statistics defined ona 0 — 1 {X;}}._;. For details
see, e.g. Makri et al. (2015) and the references therein.

() G,k denoting the number of k-tuples of 1s, 1 < k < n. In particular, G,
denotes the number of 1-tuples of 1s, i.e. it represents the number R, = G, of
all runs of 1s in the sequence. Using the convention Xo = X,1; = 0, we can
define G, x as

n
Guk =) Enis1<k<n, (1)
i=k
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where

n J
Eni=) JpJi=01-%)(1-Xn) [] X
j=i r=j—i+1
(II) S;, x denoting the number of 1s in the G, x k-tuples of 1s; i.e. S, x represents the sum
of lengths of the G, x k-tuples of 1s, 1 < k < u. In particular S,,; represents the number
of all 1s in the sequence; hence, the number of Os, Yy, in the sequence is ¥,, = n — S;,1.

Sik is formally defined as

n
Snk =Y iEniy 1 <k <n. )
i=k
Readily, kG, x < S, k-
(III) L,;, n > 1, denoting the length of the longest run of 1s in the sequence. By setting

An:{i:GVl,i>0’1§i§n}’
we have that
L, = max{k : k € A}, if A, # @; 0, otherwise. (3)

Readily L, < kiff G, 1 < 1.

(IV) For G, > 1,1 < k < n, Dy denotes the distance (number of trials) between
and including the first 1 of the first k-tuple of 1s and the last 1 of the last k-tuple of 1s
in the sequence. If there is only one k-tuple of 1s in the sequence then D, ; denotes its
length. That is, D, x represents the size (length) of the minimum (sub)sequence of {X;}}_;
in which all G, ¢ k-tuple of 1s are concentrated. In particular, Dy, 1 represents the length
of the minimum segment of the sequence containing all R,, runs of 1s or in other words all
Su,1 1s appearing in the sequence. For G, > 1,1 < k < n, D, x can be formally defined as

2 1
Dui =UZ — Ul +1, (4)
where
UY) =minfj:[=1,1<j<n—k+1},

2 . .
U;ilz =max{j: 411 =1k <j=<n}

jrk—1
L= ]_[ X,1<j<n—k+1.
r=j

Readily, Dy = Syx = Ly, if Gy = 1and Dy g > Sy x > Ly, if G > 1.

(V)For Gy > 1,1 < k < n,set Vy, x = (Dy k> Gk» Sui)- This is the RV we focus on in
the article.

Example: By way of illustration consider the trials 1110001100010001010011101
111001001001001 numbered from 1 to 40. Then, Lyy = 4 and Vo1 = (40,11,19),
Va2 = (28,4,12), Va3 = (28,3,10), Vag 4 = (4,1, 4).

2.2 Internal structure’s models
A general enough model for the internal structure of a 0 — 1 {X;}} |, n > 2, is that of the
first # trials of a homogeneous 0—1 Markov chain of first order (HMC1). On such a model

we will develop our results. Accordingly, we next state the necessary notation/definitions.
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Let {X;:};>1 be a HMCI with state space A = {0, 1}, one step transition probability

matrix
00 P01
P=(py) = (p P >,
P1o P11
with
pi=PXe=jl1Xe1=10),ije A pj=1licAt=>2 (5)

jeA
and probability distribution vector at time ¢
H (¢
p? = (v ),
with

PP =P =0, icAY pP=11t>1 6)
icA

Readily, because of the homogeneity of {X;};>1, it holds

p? =pE VP =pWPpl > 2, pM, f=1and P! = (pﬁ}‘”) ,t>2,
with
PP =pWe,ic A t>1,
pl(],t_l) = P(Xt—1+m =] | Xm = l) = eiPtile}, l;] (S A; t>2,m>1, (7)

where e; is the transpose (i.e. the column vector) of the row vector e;, i € A, with eg =
(1,0) and e; = (0, 1).
In particular, for pg; + p1o # 0, i.e. P # L, it holds

P! = (po1 + p10) ! {(‘Ulo pm) + (1 —po1 — p10)" ! ( por—por ) } t>2,
P10 po1 —p1o P10

Py =py’ A= por — p10)" ™" + p1o (o1 +p10) " [1 = A — por —pr0) 1], £ > 1.

)

The setup of a 0 — 1 HMC1 {X;}/_;, n > 2, covers the case of a 0 — 1 sequence of

independent and identically distributed (IID) RVs, too. This is so, because a 0 — 1 {X;}}_ |,

n > 2, IID sequence with
PX;=1)=1-PX;=0=p1,1<t<mn, (10)
is a particular HMC1 with

pi=l-pLj=0puji=lLicApl V=pjijeAt=2

Page40of 13
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2.3 A combinatorial result
In combinatorial analysis which will be used in Section 4, the following result, recalled
from Makri et al. (2007), is useful. The coefficient

%)

_ _i(m a—(k+1)j+r—1>
Hy(a, 1, k) = ;( 1)/(/,)( o (k4 1) , (12)

represents the number of allocations of « indistinguishable balls into r distinguishable
cells where each of the m, 0 < m < r, specified cells is occupied by at most k balls.
Equivalently, it gives the number of nonnegative integer solutions of the linear equation
x1 +x + ...+ x, = a with the restrictions, form > 1,0 < xj; < k, 1 <j < m, for some
specific m-combination {i1, i3, ..., im} of {1,2,...,r},and no restrictions onx;s, 1 <j <r,
form = 0.

Moreover, Hy(a, r, k) is Riordan’s (1964, p. 104) coefficient

75

_ N7 a—(k+1)j+r—1)
Cla,r,k) = j_ZO( 1 O( okt ) (13)

3 Motivation and aim of the work

In a study of a 0 — 1 sequence {X;}}_;, » > 3, it is reasonable for one to be interested
in the probabilistic behavior of RV V,, x = (D, x, Gy k> Sux). This happens because jointly
its components provide a more refined view of the internal clustering structure of the
sequence than the information extracted by each one alone.

Interpreting a k-tuple of 1s as a cluster of consecutive 1s of size at least k, D, i represents
the size of the minimum segment of {X;}?_; in which G,,x clusters of size at least k and at
most L, are concentrated. The overall density of G,, x clusters, with respect to the number
of 1s in them, as well as of the minimum concentration segment is evaluated by S, x. Large
values of Dy, x suggest that these G,, x clusters spread over the interval between the left and
the right side of the sequence whereas small values of D, s indicate rather that the clusters
are concentrated in a segment of the sequence of small size leaving the rest part(s) of the
sequence empty of such clusters.

In addition to this information, a large value of S, ; paired with a small value of G, x indi-
cates the existence of clusters of 1s of a large size and therefore a trend whereas the same
value of S, x paired with a large value of G, x indicates rather a distribution of clusters of
small size in the (sub)sequence in which they are concentrated.

Therefore, based on the former interpretation, the motivation for the study as well as
the usefulness of the statistic V,, x = (Dyx» Gu k> Sn k) is apparent. In the sequel, we assume
that G, x > 2 in order to have at least two k-tuples of 1s in the sequence and accordingly
the distance D, is not a degenerate one. Moreover, this assumption is a common one
in an application area of D, ;; e.g., in detecting pattern (tandem or non-tandem direct)
repeats in DNA sequences (Benson 1999).

For1l < k < n, set

Mk ={Gui = 2}, app =P (Mn,k) (14)

andforn > 3,1 <k < |[(n — 1)/2], define
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Qi =1{d,ms):2k+1<d<n2k<s<d-12<m<=<min(|s/k],d—s+ 1)}

(15)
and for (d,m,s) € Q. k.,
hyjc(d,m,s) = P (Vi = (d,m, s), M),
Vi dy1,8) = P (Ve = (dm,5) | M) = i (dy1,5) o . (16)

The paper provides exact closed form expressions for a, k, 4, x(d, m, s) and eventually
for v, x(d, m,s) when V, i is defined on a 0 — 1 HMC1/IID. The expressions are obtained
via combinatorial analysis.

More specifically, closed formulae are established for the first time for %, 4 (d, m,s), 1 <
k < [(n —1)/2], when V,,; is defined on a 0 — 1 HMC1 with given P and pV. Since,
the general frame of HMC1 covers as a particular case IID sequences, the so implied
expressions for v, x(d, m, s) are alternative to those obtained for v, x(d,m,s), 1 < k <
L(n — 1)/2], by Makri et al. (2015) for IID sequences.

Moreover, forn > 3,1 <k < |(n—1)/2],2k+1<d <mn,let

Juk(@) =P Dy =d | My).

Therefore, since

d—1 min(|s/k],d—s+1) d—1 min(|s/k],d—s+1)
Suk(d) =" Z Vik(d,m,s) = o Z h(d, m,s),
s=2k s=2k

(17)

hence, the work provides closed form expressions for determining f;, x (4) for HMC1 and
IID 0 — 1 {X;}7_,. These expressions are alternative to those derived, for IID sequences,
by Makri et al. (2015) for 1 < k < | (n — 1)/2] as well as to those obtained, for HMCI1, by
Arapis et al. (2016) for k = 1 and by Arapis et al. (2017) for 1 < k < |[(n — 1)/2].

4 Results
Ina 0 — 1sequence {X;}}_;,n>2,for0 <y <n0<r<|[(n+1)/2] and (i) € {0, 1)2,
define

B () = (X1 = i, Xy = j, Yy =, Gp1 =1},

sy, r) = PBY (3, 7).

Accordingly, for a HMC1 {X;};_, n > 2, with given P and pW, it holds

i —
i 0um = (o) (1=p) T A’ = ooy @ - pry TR ()

for2 —(i+j)<y<n—(i+)),1=8,0—8u+3di1j2 <r <min{n—y,y—1+i+j}and
(”)(y r) =0, otherw1se
Consequently, n,, (y r), for a 0 — 1 IID sequence, reduces to

1 (1) =) =Py A= p1Y, 0<y < (19)

Page 6 of 13
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Theorem 1 Forn > 3, (d,m,s) € Q1,0 < pﬁl) < 1, it holds

—1\/(d—s—1

hn 1 (dym,s) = (S )( ’ )nj,l'l)(d — 5, m)en(d) (20)
m—1 m—2

where e,(d) = 1, if n = d; g~ ’Plopoo + 13 (") por [(n — d — Dp1o + poo] } if

n>d+1

Proof Ford =3,...,n—2,i=2,3,...,n—d,s=2,3,...,d—1,m=2,3,...,min{s,d—
s+ 1} an element of the event I'; 4 ,,, s = {LI,(:I) =iDy,1 =d,R, =m,S,1 =s}isa0—1
sequence of length 7 with probability

-1
Py P por [ﬂd Vi —sm (o) }Plopéo‘ ’.

d—s—1

Fix i. Then the number of elements of the event I'; 5, s is (m 1)( 2

), since the num-
ber of allocations of s 1s in m runs of 1s is (m—l) and the number of allocations of d — s 0s

d=s 21) so that

s—1\[(d—s—1 -1 g
P (Fi,d,m,s) = (Wl _ 1)( _ )Pél)Pm I:nd )(d s, m) ( (¢ )) :|P10P6’0 a4 2~

m—2

in m — 1 runs of Os is (“

We use similar reasoning for the rest cases. Then summing with respect to i we get the
result. O

For a sequence {X;}}_; of 0 — 1 IID RVs, /,,1(d, m,s) reduces to the explicit formula
given in the next Corollary.

Corollary 1 Forn > 3, (d,m,s) € 2,1, 0 < p1 < 1, itis true that

-1 d—s—1
hu(d,m,s) = (n— d + 1)(;_1)( - )pi(l—pn"-ﬂ o (21)

In order to derive for HMCI, in the forthcoming Theorem 2, &, x(d, m,s),5 < 2k+1 <
1, we next recall, in Lemma 1, a result from (Makri et al.: On the concentration of runs of
ones of length exceeding a threshold in a Markov chain, submitted).

Lemma 1 For (i,) € {0,1)% n > 2, set 17 (x) = P(Gur = %, X1 = i, X, = ), x = 0, .
Then, it holds that:
(DFor2<k<n—-2+i+j

n—(i+j) y—1+i+j <

A(l/) 0) = Z Z

)C(n— —rrk— 2)71(”)()/,1”),
y=1 r=i+j

n—k y—1+i+j
W) =m0, 1)821+1+Z Z < A_> 1 (n=y—r—k+1, 7, k=2),” (3,7,

(22)
(II) Fork >n—2+i+}j,

i
)\'(ll)(o) ( (D) ( p§1)> pl(/” 1)’

W@ =o. (23)
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Theorem 2 Forn > 52 <k < |(n—1)/2], (d,m,s) € Q1,0 < pgl) < 1, it holds

d—s—m+1
= —d+1 m+ 2 Jd—s—r+m

k 1
hyi(d, m,s) P2< ( ()) Zgl(a)lkﬂ(ﬂ) —it1k Z Z Vd,m,s(yrr)”d 2k+2()/1”),
r=m

y=r—1
(24)
where
Kff‘,g —pl ,forn =0; P po1,forl <n<k po [ (00)(0) +k(10)(0)] forn > k+1,

(R =1, forn=0; puoforl<n<k popd)” [ 2000 +2.4 1)(o)] forn = k+1
(25)
and
— N\ /r—-2\(s—mk+m—1
)/d,m,s(%f)=(i_2><m_2)( 1 )C(d—y—s—r—i—m,r—m,k—2),(26)

Proof For 1 < ry <ry < nlet Yy 1, R rys Lryrys Srira koo Dryroks Gryrok be RVs defined
on the subsequence X, Xy, 11, ..., Xy, of {X;}}_,. For m > 2 define the event

Ar1,71+d—1(d: s, n, Yy, V)

= {Drl,r1+d—1,k =d, G71,71+d—1,k =m, Srl,r1+d—1,k =S, le,r1+d—1 =Y er,r1+d—1 =r}

An element of this event is a 0 - 1 sequence of length d, starting and ending with a 1, for
which y;’s and z;’s, representing the lengths of the failure and success runs, respectively,
satisfy the conditions:

@ nt+yt+...tya=yy=L1<j<r-1L

b)) 214z +zp+... 4z, ,tzr=52z>kje {1 i1,i, ..., im—2,r}, for some specific
combination {1,i1,i2,...,iu—2,r} of {1,2,...,r — 1,7} among the (V 22) ones.

() z,'mfl—i—zim—l-...—l-ziyfz:d—y—s,lfzi/.§k—1,m—1§]§r—2,for

{imety - rir—a} € {1, 2oy = AL, i1, d2 .+ iz, 7).

Fix i1,i2,...,i;m—2. Then the number of such sequences, i.e. the number of solutions of
the system (a)-(c), is

— — mk -1
(y >C(d y—s—r+mr m,k—2)(s i m )
-2 m—1

and each such sequence has probability
@ k-1, (1)y-1_(1,1) k— 2%k—=2 (LD
PUP 1) T s 0PI = P e 06T

Hence,

2k—=2_ (1,1) r—=2\(y—1\(s—mk+m—1
P(Aprita-1(dys,m,y,1)) = p1y g 2k+2(y’r)<m—2)<r—2)< m—1

xCd—-y—s—r+mr—mk—2).
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Fork+2 <i<n—k—d, m> 2,we have that
p (U,(ql,z =1,Dpx = d, G = m,Spk =8, Yiitd—1 = Y Rijitd—1 = r)
= P{ [Lri-1 <k Xici =0 N[X1 =0 U Xy = D] N Ayiya1(d,s,m,y,1)
N [Liran <k Xiya = 0) N (X, = 0) U (X, = D]] |
= [H20@ + 30,0 oo
x (pﬁ”)_1 P (Diira1(@rs,m ) pio[ A0 401 4@ + 200 4 @] /4

-1
0,0 1,0 1 k—2_ (1,1
= [)‘E—l,)k(o) + )‘E—l,)k(o)]pm (Pi )> Pii 2”5(1—2)k+20/’ )
r=2\({y—1\(s—mk+m—1
X
m—2)\r—2 m—1
-1
xCd—y—s—r+mr—mk—2)po (pg)) [Afff;{ en @+ 20 +1,k(O)] .

By similar reasoning we get the remaining cases of i,i.e. 1 <i < k+landn—d+1—k <
i < n—d+ 1. Then summing with respect to i, y and r we get the result. O

Having found /4, «(d, m,s), we next proceed to obtain v, i(d, m,s). In accomplishing
it, the required probabilities o, for HMCI are recalled, in Lemma 2, from Arapis
et al. (2016) for k = 1, and they are computed via Lemma 1 for2 < k < |[(n — 1)/2].

Lemma 2 For n > k > 1, the probability oy, for HMCI, is computed via the

expressions:
(I) Fork =1,

m—1Dn—-2) ¢ .
fpé ‘pat. i poo=pu

a1 = 1—pi? {poo 1+ (n—2)po1) +
and

1 1 1 1 1 P —r”
= 1= p gt =PI (P + 8 por) = oo (2 por + {10 o

Pl =P [P + (1= 2) (p11 — poo) |

—P(()I)Pmpm » i poo #pu- (27)

(P11 — poo)*
(II) For2 < k < n,
Gp=1— 3 [qu’f ©) + qu’,’Q(l)] . (28)
(i)ef0,1)2

Theorem 3 Forn > 3,1 < k < |(n — 1)/2], (d,m,s) € 1, 0 < p\V < 1, the PMF
Vi (d, m, s) for a HMCI, with given P and pY, is calculated by

Vi (d, m,s) = a;]lh,,,k(d, m,s), (29)
where o,k and hy, ;(d, m,s) are provided by Lemma 2 and Theorems 1 (for k = 1) and 2
(for2 < k < | (n — 1)/2]), respectively.

Remark 1 For IID sequences, in implementing Theorem 3, one has to take into consider-
ation Egs. (10) - (11), (19) and (21). Moreover, for speeding up calculations, one has to set
7, (y) in front of the inner summation in (22).



Arapis et al. Journal of Statistical Distributions and Applications (2017) 4:26 Page 10 0f 13

5 A numerical example
In this example we compute some indicative numerics concerning two model (i.e. HMC1
and IID) 0 — 1 sequences {X;}}_; which are considered in the paper. The common length
of these was taken small, i.e. # = 8, so that the required computations can also be carried
out by a hand/pocket calculator and thus it is possible to gain insight in the formulae
developed in Section Results, and also because of space limitations. The sequences that
have been used are as follows. Table 1: An IID sequence with p; = 0.5. Table 2: A HMC1
sequence with pgg = p11 = 0.9, p(ll) =0.5.

Both tables depict for k = 1,2, 3, vg x(d, m, s), (d, m, s) € Qg and fgi(d),2k+1 <d <8
illustrating the numeric values of the involved probabilities. vg x(d, m, s) and fg 1 (d) were
computed via Egs. (29) and (17), respectively.

6 Discussion and further study
In this article we have derived exact closed form expressions for PMF v, x(d, m,s), n > 3,
1<k<|(n—1)/2],(d,m,s) € Qux ofthe RV V, ; | M, i defined on a 0 —1 sequence of
homogeneous Markov-dependent trials. The method used is a combinatorial one relied
on results exploiting the internal structure of such a sequence.

As it is noticed in the Introduction the application domain of runs contains a diverse
range of fields. Indicative potential ones are next discussed.

Table 1 0 — 111D sequence with p; = 0.5

S m d=3 d=4 d=>5 d=6 d=7 d=28
vg,1(d,m,s)
2 2 0.02739726 0.02283105 0.01826484 0.01369863 0.00913242 0.00456621
3 2 0.04566210 0.03652968 0.02739726 0.01826484 0.00913242
3 0.01826484 0.02739726 0.02739726 0.01826484
4 2 0.05479452 0.04109589 0.02739726 0.01369863
3 0.04109589 0.05479452 0.04109589
4 0.00913242 0.01369863
5 2 0.05479452 0.03652968 0.01826484
3 0.05479452 0.05479452
4 0.01826484
6 2 0.04566210 0.02283105
3 0.04566210
7 2 0.02739726
fg1(d) 0.02739726 0.06849315 0.12785388 0.20547945 0.28310503 0.28767123
%% (d, m, S)
4 2 0.18518519 0.09259259 0.07407407 0.05555556
5 2 0.18518519 0.07407407 0.07407407
6 2 0111 0.05555556
3 0.01851852
7 2 0.07407407
fg2(d) 0.18518519 0.27777778 0.25925925 0.27777778
Vg3 (d, m, S)
6 2 0.40000000 0.20000000
7 2 0.40000000

f33(d) 0.40000000 0.60000000
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Table 2 0 — 1 HMC1 sequence with pgg = p11 = O.9,p$) =05

s m d=3 d=4 d=5 d=6 d=7 d=28
Vg1 (d, m, S)
2 2 0.00914441 000872875  0.00831310  0.00789744 000748179  0.03366804
3 2 001745750 001662619  0.01579488  0.01496357  0.06733609
3 000010263 000019500  0.00027710  0.00166262
4 2 002493929 002369233  0.02244536  0.10100413
3 000029250  0.00055421 0.00374089
4 0.00000114  0.00001539
5 2 003158977 002992715  0.13467217
3 0.00055421 0.00498786
4 0.00002053
6 2 003740894  0.16834021
3 0.00415655
7 2 0.20200826
fa1(d) 0.00914441 002618626  0.04998121 007946192  0.11361346 072161274
Vg2 (d, m, 5)
4 2 002225160 002081956  0.01806565  0.08228685
5 2 004163913 0.03569068  0.16259088
6 2 005353602  0.24091210
3 0.00099141
7 2 032121613
fa2(d) 002225160 006245869  0.10729236  0.80799735
vg3(d, m,s)
6 2 006896552  0.31034483
7 2 0.62068966
fg3(d) 0.06896552 093103448

Encoding, compression and transmission of digital information calls for the under-
standing the distributions of runs of 1s or 0s. Such a knowledge helps in analyzing, and
also in comparing, several techniques used in communication networks. In such net-
works 0 — 1 data ranging from a few kilobytes (e.g. e-mails) to many gigabytes of greedy
multimedia applications (e.g. video on demand) are highly encoded, decoded and even-
tually proceeded under security. For details, see e.g., Sinha and Sinha (2009), Makri and
Psillakis (2011a) and Tabatabaei and Zivic (2015).

An area where the study of runs of 1s and Os has become increasingly useful is the
field of bioinformatics or computational biology. For instance, molecular biologists design
similarity tests between two DNA sequences where a 1 is interpreted as a match of the
sequences at a given position and everything else as a 0. Moreover, the probabilistic anal-
ysis of such sequences according to the form, the length and the number of detected
patterns as well as of the positions and the lengths of the segments of the sequence
in which they are concentrated, probably suggests a functional reason for the inter-
nal structure of the examined sequence. The latter facts might be useful in suggesting
a further investigation of the underline sequence(s) by biologists. See, e.g. Avery and
Henderson (1999), Benson (1999) and Nuel et al. (2010).

Another active area where run statistics, in particular G, x and S, have interesting
statistical applications is that connected to hypothesis testing; e.g., in tests of randomness.
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For a systematic study of such a topic, we refer among others, the works of Koutras and
Alexandrou (1997) and Antzoulakos et al. (2003).

Accordingly, it is reasonable for one to use the exact expressions obtained for
vuk(d, m,s) in applications like the ones mentioned above. This is so, because this dis-
tribution, as a joint one, is more flexible than each one of its marginals which have been
used in such applications. See, e.g. Lou (2003), Makri and Psillakis (2011b) and Arapis
etal. (2016).

Moreover, in handling 0 - 1 sequences of a large length, with dependent or not
elements, a Monte - Carlo simulation, based on Egs. (1) - (4) would be a useful tool
in obtaining approximate values for v, (d, m, s). In addition, the general approximating
methods, suggested by Johnson and Fu (2014), might be helpful in deriving approximate
values for f;, x (d).
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