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and density-like representations. Applying the Kolmogorov existence theorem, we
prove the existence of random processes having axis-aligned p-generalized elliptically
contoured finite dimensional distributions with arbitrary location and scale functions
and a consistent sequence of density generators of p-generalized spherical invariant
distributions. Particularly, we consider scale mixtures of rank-k-continuous axis-aligned
p-generalized elliptically contoured Gaussian distributions and answer the question
when an n-dimensional rank-k-continuous axis-aligned p-generalized elliptically contoured
distribution is representable as a scale mixture of n-dimensional rank-k-continuous
p-generalized Gaussian distribution for a suitable mixture distribution of a positive
random variable. Based on this class of multivariate probability distributions, we
introduce scale mixed p-generalized Gaussian processes having axis-aligned finite
dimensional distributions being p-generalizations of elliptical random processes.
Additionally, some of their characteristic properties are discussed and approximates of
trajectories of several examples such as p-generalized Student-t and p-generalized
Slash processes having axis-aligned finite dimensional distributions are simulated with
the help of algorithms to simulate rank-k-continuous axis-aligned p-generalized
elliptically contoured distributions.

Keywords: Axis-aligned p-generalized elliptically contoured distributions, Density-like
representation, Kolmogorov consistency conditions, p-generalized spherically invariant
random processes, Scale mixtures of multivariate axis-aligned p-generalized elliptically
contoured Gaussian distributions, Simulation

1 Introduction

Random processes may be constructed and characterized in different ways. Apart from
constructions via families of random variables whose members satisfy, e.g., specific
autoregressive relations or are coefficients of specific series representations, the existence
of random processes can be studied following the fundamental existence theorem due to
Kolmogorov (1933). The explicit knowledge of the family of finite dimensional distribu-
tions (fdds) can be used then to establish some of the properties of the random process
by proving corresponding ones of the fdds. Basic technical problems to be solved this way
belong to multivariate distribution theory. In the present paper, Kolmogorov’s theorem
is used to prove the existence of real valued random processes having axis-aligned
p-generalized elliptically contoured (apec) fdds, thus being p-generalizations of elliptical
random processes having axis-aligned fdds.
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Well studied examples of random processes which can be constructed via Kolmogorov’s
existence theorem are real valued Gaussian processes with emphasis on the Brown-
ian motion, see Shiryaev (1996) and Schilling and Partzsch (2014). Apart from further
examples as random processes with independent values, random processes with inde-
pendent increments as well as Markov processes, spherically invariant random processes
being also known as elliptical random processes can be constructed this way. The latter
are introduced in Vershik (1964) as random processes consisting of quadratically inte-
grable random variables such that if two of them have the same variance, they follow the
same distribution. Corresponding characteristic functions and densities are determined
in Blake and Thomas (1968). Yao (1973) and Kano (1994) characterize spherically invari-
ant random processes by establishing that their families of fdds are what is called now
scale mixtures of Gaussian distributions having one and the same mixture distribution.
The notion of a scale mixture but is first introduced in Andrews and Mallows (1974)
and, independently, Wise and jun Gallagher (1978) show that an elliptical random pro-
cess can be represented as a product of a Gaussian process and a positive random variable
being independent of it. Additionally, in Huang and Cambanis (1979), the structure of
the space of all second order spherically invariant random processes is studied and used
to solve nonlinear estimation problems. Finally, based on the concepts of expansive and
semi-expansive sequences of elliptically contoured distributions and apart from analogue
representation theorems in Yao (1973) and Kano (1994), a formula to determine the cor-
responding mixture distribution of the family of fdds of a spherically invariant random
process is determined in Gomez-Sinchez-Manzano et al. (2006).

Besides a thematically assorted summary of several articles on the theory of spherically
invariant random processes, numerous applications of these random processes such as
modelings of bandlimited speech waveform, of radar clutters, of radio propagation dis-
turbances and of equalization and array processing are dealt with in Yao (2003). Furthermore,
the author discusses simulations of trajectories of spherically invariant random processes
based on the work in Brehm and Stammler (1987), Conte et al. (1991), and Rangaswamy
et al. (1995). More recent applications deal with fading models from spherically invari-
ant random processes in Biglieri et al. (2015) and with MIMO radar target localiza-
tion and performance evaluation under spherically invariant random process clutter in
Zhang et al. (2017).

The notion of a scale mixture of Gaussian distributions is introduced in Andrews
and Mallows (1974) as the distribution of the product of a Gaussian variable and
an independent positive random variable. A multivariate generalization is given in
Lange and Sinsheimer (1993). Using numerous equivalent definitions, scale mix-
tures of Gaussian distributions are also studied in West (1987), Gneiting (1997),
Eltoft et al. (2006), Gémez-Sanchez-Manzano et al. (2006, 2008), and Hashorva
(2012). According to Andrews and Mallows (1974), Lange and Sinsheimer (1993), and
Gomez-Sanchez-Manzano et al. (2006), scale mixtures of Gaussian distributions
are special cases of elliptically contoured distributions and an elliptically con-
toured distribution is a scale mixture of a Gaussian distribution if and only if
the composition of its density generator and the square root function is com-
pletely monotone. Moreover, examples of scale mixtures of Gaussian distributions
are Pearson type VII distributions, power exponential distributions as well as Slash

distributions.
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Applications of scale mixtures of Gaussian distributions are given in the fields of nat-
ural images, insurances and quantitative genetic in Wainwright and Simoncelli (2000),
Choy and Chan (2003), and Gémez-Sdnchez-Manzano et al. (2008). More recent appli-
cations are Gaussian scale mixture models for robust multivariate linear regression with
missing data in Ala-Luhtala and Piché (2016), testing homogeneity in a scale mixture of
Gaussian distributions in Niu et al. (2016), and adaptive robust regression with continu-
ous Gaussian scale mixture errors in Seo et al. (2017).

For any choice of p > 0, introducing the notion of a p-generalization of a spher-
ically invariant random process means the transition from spherically contoured to
Iy p-symmetric fdds, the transition from regular elliptically contoured to suitably intro-
duced p-generalized elliptically contoured distributions and the associated consider-
ation of suitable non-Euclidean instead of Euclidean geometries, respectively. To be
more specific, a well-known example is the n-dimensional p-generalized (spherical)
Gaussian distribution being introduced already in Subbotin (1923) and having the
probability density function (pdf)

p 1 i
fx) = p exp —72|xi|p , x=®1,...,x,)T € R,
2T p

i=1

and p-generalized Weibull, Pearson type II and Pearson type VII distributions are dealt
with in Gupta and Song (1997). Additionally, a p-generalized spherical coordinate trans-
formation, a p-generalized surface content measure as well as numerous p-generalized
probability distributions and statistics such as p-generalized versions of the x2-, Student
and Fisher distributions are considered in Richter (2007); Richter (2009).

The more general class of continuous /,,-symmetric distributions is studied in
Arellano-Valle and Richter (2012), Kalke and Richter (2013), Miiller and Richter (20164,
b, 2017a, b) as well as several references given there. In the present paper, we introduce
a class of multivariate apec distributions containing both regular and singular distribu-
tions and covering the classes of continuous [, ,-symmetric and common axis-aligned
elliptically contoured distributions.

For a nonempty index set I C R, a Polish space (E, p) and a family Q of probability mea-
sures on the product spaces (E/ B ) for nonempty finite subsets / C 7 and the Borel sigma
field B on E with respect to p, if Q is projective on E, Kolmogorov’s existence theorem
states the existence of a random process having time set / and state space E such that its
family of fdds is equal to Q. The projectivity of Q on E can be shown by checking the con-
sistency conditions in Kolmogorov (1956). This will be discussed for the particular case
E = R in “Sketch of proof” section. This way, we prove the existence of real valued ran-
dom processes having apec fdds. Such random processes are p-generalizations of elliptical
random processes having axis-aligned fdds. Moreover, for the special case of scale mixed
p-generalized Gaussian processes having axis-aligned fdds, basic properties such as char-
acteristic representations, stationary properties and specific closedness properties are
studied and certain approximates of their trajectories are simulated. Preparing for these
results, we prove firstly that an apec distribution can be represented by a scale mixture
of the apec Gaussian distribution if and only if its density-like generator composed with
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the pth root function, is completely monotone and secondly that the corresponding mix-
ture distribution is in a well defined way closely connected to the inverse Laplace-Stieltjes
transform of this composition.

The paper is structured as follows. In “The class of n-dimensional rank-k-continuous
axis-aligned p-generalized elliptically contoured distributions” section, #n-dimensional
apec distributions are introduced as location-scale generalizations of continuous /;; -
symmetric distributions, and some of their properties such as stochastic representations,
moments and pdf-like representations are discussed. Furthermore, the pdfs of bivariate
p-generalized spherical as well as of bivariate apec Gaussian distributions are visualized
for several values of p > 0. Our main result on the existence of p-generalizations of
elliptical random processes is presented in “Main result” section. A sketch of its proof
consisting of four basic steps is given in “Sketch of proof” section, and an approximate
simulation of the trajectories of the new random processes is discussed in “Simulation”
section. Examples illustrating the developed theory are studied in the fourth section. In
“Scale mixtures of apec Gaussian distributions” section, scale mixtures of multivariate
apec Gaussian distributions are introduced and some of their characteristic properties
such as stochastic representations, moments, specific conditional distributions, and their
connections to completely monotone functions are discussed. Random processes whose
families of fdds are families of scale mixtures of multivariate apec Gaussian distributions
with one and the same mixture distribution as well as some of their basic properties
are studied in “Scale mixed p-generalized Gaussian processes having axis-aligned fdds”
section. All proofs are given in “Proofs” section. For the sake of a better readability, the
proofs of certain results are prepared by proving certain particular cases first. An algo-
rithm to simulate arbitrary apec distributions and another one to particularly simulate
scale mixtures of apec Gaussian distributions with an explicitly known mixture distribu-
tion are presented in Appendix 7.1. The latter one is used in Appendix 7.2 to simulate
approximations of trajectories of p-generalized Student-t as well as p-generalized Slash
processes having axis-aligned fdds. Finally, we remark that all figures presented here are
made using the program MATLAB.

2 The class of n-dimensional rank-k-continuous axis-aligned p-generalized
elliptically contoured distributions

" r
For each p > 0 and #n € N, we denote the p-functional in R” by |x|, = (Z |xi|p> ,
i=1
x = (x1,...,%,)T € R”, and the Inp-generalized surface content of the /,, ,-unit sphere

Snp = {x € R": |x], = 1} by wy,p,

(r(3)

Wpp = .
e ()

Furthermore, a function g: [0,00) —[0, oo) satisfying 0 < I,,(g) < oo is called a den-
oo

sity generating function of an n-variate distribution where I,(g) = [ r"~lg(r) dr. An
0

n-dimensional random vector X: 2 — R” on a probability space (£2,%2l, P) having the pdf

aigj;lfgg) ,x € R", is called continuous [, ,-symmetrically distributed with density generat-

ing function g. A density generating function g of a continuous /,, ,-symmetric distribution
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satisfying I,(g) = Kl,p is called a density generator (dg) and denoted by g"»). The pdf
of the continuous /,; ,-symmetric distribution with dg g™ is g(”'l’)(lx| p), x € R”, and
the corresponding probability law is denoted by @, . With a view to the special cases
listed below, ® gnp) MAY also be called n-dimensional continuous p-generalized spherical
distribution with dg g"#).

A well-known example of the latter type of probability distributions is the n-
dimensional p-generalized (spherical) Gaussian distribution N, , = Cbggg,m where

n
1-1
» 1
gl()?p)(r)= P exp{—rp}, r>0
or (l) p
P
For visualizations of the pdf of this distribution for n € {1,2} and several p > 0, we
refer to Kalke and Richter (2013) and Miiller and Richter (2015). The class of continuous
l2-symmetric distributions coincides with the class of n-variate continuous spherical

distributions and N, is the n-dimensional standard Gaussian distribution. Numerous
properties such as stochastic representations, moments, and marginal distributions and
several types of dgs are discussed in Gupta and Song (1997), Richter (2009), Arellano-Valle
and Richter (2012), and Miiller and Richter (2016a).

Let ;© € R” be a constant vector and D = diag (dy,...,d,) an n x n diagonal matrix
having nonnegative diagonal entries and positive rank rk(X) = k. Moreover, let [; =
{it,...,ix} €{1,...,n}with || = kand i < iy < ... < i be the set of indices such that
d; > 0ifie 1 andd; =0ifi e L ={1,...,n}\[1. Let et(-n) denote the ith unit vector in R”
0, xn the n X n zero matrix, S; = diag (d,'l, .. ,dik) e Rk W = (e(«") cee e§")> e Rrxk

11 173

and Ws € R™ =5 a matrix having columns el@ for all i € I, then,
WEDWl =8 and WZTDWZ = O(n—iyx (n—k)-

Let /S1 = diag (,/dil, ces ,/dl'k>. The distribution of a random vector X satisfying
the stochastic representation

x4 W+ Wl\/STY where Y ~ @) ()

is called an n-dimensional rank-k-continuous axis-aligned p-generalized elliptically con-
toured (kapec) distribution with location parameter y, scaling matrix D and dg g**) and
is denoted by AEC,, (., D, g(k’p)). For simplicity, the distribution of such random vector
X is just called apec distribution if its continuity and dimension as well as the rank of the
diagonal matrix parameter D are contextually clear or play only a minor role.

Here and in what follows, X £ 7 and X ~ W mean that the random vectors X and Z
follow the same distribution law and that the random vector X follows the distribution
law £(X) = W, respectively. In particular, for the special choice of ; and D to be the zero
vector 0, and identity matrix I, , in R”, respectively, we have AEC,,,, (0,,,1,,X . g(”’l’)) =
®,np) . For the special case of p = 2, the class of AEC,, (u, D,g(k’2))—distributions is iden-
tical with the class of common n-variate axis-aligned elliptically contoured distributions.
Furthermore, AEC, (,u, D, g]()/;p )> is called #n-dimensional kapec Gaussian distribution
and is denoted AN, (i, D). The family of apec distributions with full rank scaling
matrices as well as their star-shaped extensions and certain aspects of their inferential
applications are studied in Richter (2014, 2016, 2017).



Mdiller and Richter Journal of Statistical Distributions and Applications (2019) 6:1 Page 6 of 37

Because of relation (1), a stochastic representation and properties of moments of n-
dimensional kapec distributions stated in Lemmata 2.1 and 2.2 follow immediately from
corresponding results of /i ,-symmetric distributions in Richter (2009) and Arellano-Valle
and Richter (2012).

Lemma 2.1 Let X ~ AEC,, (u,D, g(k’p)) where rk(D) = k. Then, the random vector X
satisfies the stochastic representation

XL u+R - wi/siu®

where the random vector Llék) is k-dimensional p-generalized uniformly distributed on Sy,
R and U}(?k) are stochastically independent and R is a nonnegative random variable with

pdf

Sr@) = wpy g ® P (1) Lo (1), 7 ER.

Lemma 2.2 Let X ~ AEC,,,p(,u,D,g(k’P)) where tk(D) = k. Then, E(X) = n if

Iy (g(k’P)) is finite and Cov(X) = agz(k,p)D if Ixyo (g(k’p)) is finite where the univariate
k

_ GG
1 k+2

r(3)r(5)

components of X are independent if and only if g*r) = gl()kép ),

variance component agz(k‘p) of Pyup satisfies ogz(k_p) wip Ik 12 (g®P)). The

The justification for calling agZ(n_p) the univariate variance component of @, is given

by the following lemma with k = 1. Examples of agz(,, » are given in Miiller and Richter
(2016b). Let us remark that, according to Arellano-Valle and Richter (2012), for k =
1,...,n — 1, the marginal dg g((:;p ) of an arbitrary k-dimensional marginal distribution of
(Dg(n,p) is

[e¢]

e 0= [ (=) T 0 (g5) v looo)

P
where the variability of the choice of the k marginal variables is established by the
permutation invariance of DQ,0np)5 S€C Miiller and Richter (2016b).

Lemma2.3 Fork=1,...,n—1,

G‘;((];;p) = ‘ng(n,pw

Denoting M =[0,7)*"Dx[0,27) and M, =[0,00) x My for n > 2, let the /-
spherical coordinate transformation SPH;") : M, — R” be defined as in Richter (2007).
Note that SPH}(,") is bijective a.e. in M, and its inverse mapping as well as its Jacobian
are explicitly known. The next lemma combines and states more precisely some earlier
results and introduces a second stochastic representation of random vectors following the
distribution AEC,,, (M, D,g(k’p)).

Lemma 2.4 Let X ~ AEC,, (M, D, g(k’P)) where rk(D) = k. Then, the random vector X
satisfies the stochastic representation

X<+ W1y/S1 - SPH (R, Wy, ..., Wy_1)



Muller and Richter Journal of Statistical Distributions and Applications (2019) 6:1 Page 7 of 37

where the nonnegative random variables R, V1, . . ., Vi_1 are mutually stochastic indepen-
dent having pdfs

fr(r) = gy ¥ 1g*P () 10,00 (1), 1 ER,

. : Ak—i—1
furpy = 2t SOy, Wi Ri=1.. k=2,
Ok-i1p (N ()
1 1
Jo Wk-1) = — ————= Ljoor)(Yk-1), V-1 € R

©2p (Np(Yr—1))

Here, Ny (V) = (|sin(1ﬁ)|p + |cos(1,b)|p)1/p and fz7 denotes the pdf of Z.

While the distribution AEC,,, (1, D, g(”’l’)) is regular and has a pdf, the distribution
AEC, (1, D,g*P)) is singular if rk(D) = k < n and may be characterized by a pdf-
like representation as it was done in Khatri (1968) and Rao (1973, pp. 527-528) in case
of singular normal distributions and in Arellano-Valle and Azzalini (2006, Appendix

C) in case of singular unified skew-normal distributions. To this end, let L[W2T (n) =

{x € R": Wlx = WJu} be a k-dimensional affine subspace in R” and )LZ(\))«; (o the

k-dimensional Lebesgue measure defined on U wg (1)

Lemma 2.5 Let X ~ AECy,,(u, D, g(k’p)) where k(D) = k. Then, the distribution of X
has pdf-like representation

1 -1
g(k’p)<‘\/51 WlT(x—M)’ ), x e R, (2)
diy ... dy, p
and
WiX =Wyu P—as. (3)

where the function given in (2) is interpreted as pdf in the space U vz () in which the whole
probability mass of X is concentrated according to Eq. 3.

Lemma 2.5 can be read as follows. For X ~ AECn,p(u,D,g(k’p)), the orthogonal
projection Y = Iy (u)(X) of X into the subspace UW} (n), and any event B € 8",
2

P(X € B) = P(Y c (B N Uwg(u)))

1 -1
_ (k,p) T (k)
= — a ]!g (‘\/ST Wi — ) ’p) )»uWZT ) (dx) (4)

meaning that the probability measure induced by the random vector X, PX =

kp)y i i ; (k) .
AEC,,,p(/L,D,g P ), is absolutely continuous with respect to )\Uvg(ﬂ)' Thus, (2) is the

Radon-Nikodym derivative of PX with respect to the Lebesgue measure Ag) T(M
v

) on the
subspace Uz (1) of R”. Because of (4), g®) might be called density-like generator of
AECn,p(M,D,g(k'p)) if k < n. In particular, if rk(D) = n, then W, = I, and W, is not
defined. Hence, Eq. 3 is not applicable and the function in (2) is the common pdf of the
distribution AEC,, , (,u, D, g(”’P)). An example is illustrated in Fig. 1.

At the end of this section, our consideration will be slightly extended in order to cover

the case k = rk(D) = 0 or, equivalently, D = 0,x,. To this end, AEC,, (i, Opxcn, %) is
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defined to be the Dirac distribution at i € R” where g% is just a symbol to maintain
previous notations.

While each finite dimensional distribution (fdd) of an elliptical process is elliptically
contoured, in the next section the existence of random processes will be shown whose
families of fdds consist of apec distributions.

3 Generalized elliptical random processes

3.1 Main result

In order to state our main result, we call a sequence g”) = (g(k'p)) ey Of dgs of continuous
Iy, p-symmetric distributions consistent if the following condition is satisfied for any k € N
and almost all (x1, . .., xx)T € RX,

o0
/ g(k+1,p)(‘(x1, o ,xk,ka)T‘p) axp1 =g(k.p)<|(x1, e ,xk)T|P) . (5)

For the particular case of this definition if p = 2, we refer to Kano (1994). Moreover,
for any nonempty subset I of R, any functions m: I — R and S: I —[0,00), and any
sequence g¥) = (g(k’l’)) ren Of dgs of continuous /i ,-symmetric distributions, let the
family

U U {aecu(m0g*) s n=om@,....me)",

neN {ty,...ty}<I

{E1ot) = D = diag (S(t1),...,S(tn), k = rk(D)}

of apec distributions having dgs from g and location and scale functions m and S,
respectively, be denoted by AE Cé » (m,S). Note that strict positivity of S yields a family

A(‘/'Cfg » (M, S) containing only regular distributions. In difference to this, allowing S to
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be nonnegative, the family AEC; » (M, S) consists both of regular and singular distribu-
tions. In particular, the univariate member of this family corresponding to ¢ € I such that
S() =0is AECy (m(t), O,g(O'P)), i.e. an univariate kapec distribution with k = 0.

Theorem 4.1 If g® is consistent, then .AEC; » (M, S) is projective on R.

Corollary 3.1 According to the Kolmogorov existence theorem, for any nonempty subset
I of R, functions m: I — R and S: I —[0,00), and consistent sequence g¥), Theorem 4.1
yields the existence of a real-valued random process having ASC; » (M, S) as its family of

fdds.

A random process defined according to Theorem 4.1 and Corollary 3.1 is called random
process having apec fdds with location and scale functions m and S, respectively, and
sequence g of dgs of continuous lx p-symmetric distributions. Such random process is
denoted by AECP,, (m, S;g(p)).

3.2 Sketch of proof

Because of the complexity of the proof of Theorem 4.1, we first give a sketch of its prin-
cipal ideas. For the outline of details of proof, we refer to “Proof of Theorem 4.1” section.
The first step and fundamental argument to prove Theorem 4.1 and thus the existence of
the random processes according to Corollary 3.1 is to show that the family AE Cé »(m,S)
satisfies Kolmogorov’s consistency conditions. Let the set of all finite and nonempty sub-
sets of I be denoted by H(I), H(I) = {J C I: ] # ¥, |]| < oo}. According to Kolmogorov
(1956), a family Q = {Q]}{]e?-t(l)} of probability measures on (RVl,sBIII), J e HW), is
projective on R if the following two conditions are satisfied:

1) Forallty,...,ty, tyt1 € I being pairwise distinct and A @B

Qtrctptrl (A E) = Qi (4”) (©6)

2) Forallty,...,t, € I, A" € B" being pairwise distinct and every permutation 7 of
{1,...,n},

Q{tl ..... b} (A(n)> = Q{tn(l)"-vtﬂ(n)} <A7(Tn)> (7)

where A” — {Grys e or X)) 1, x0)T € AP

These two conditions are traditionally formulated using the notion of ordered sets
which are assumed to have different elements, i.e. the sets {1, #2} and {t, t1} differ from
each other if £; # ty, whereas (7) is not required in case of considering unordered sets,
see Shiryaev (1996, p. 168).

Condition (6) ensures that specific marginal distributions of elements of the family Q
are elements of this family, too. Proving (6) for the family given in Theorem 4.1 will be
done in steps two and three. Since both of them are connected with transitions from joint
to marginal distributions, we will use the notion of marginal dgs g((g’p m=1,... k-1,
according to “The class of n-dimensional rank-k-continuous axis-aligned p-generalized
elliptically contoured distributions” section. Additionally, let g((]/gp ) = g®P), Making use of
the marginal dg, in step two an equivalent formulation of (5) is given in the next lemma.
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Lemma 3.1 A sequence g¥) = (g(k’p))keN of dgs of continuous ly ,-symmetric distribu-
tions is consistent if and only if for any k € N

kp) _ _(kp)

8wy =& a.e. in[ 0, 00).

As a consequence, a sequence g of dgs of continuous Iy, p-symmetric distributions
is consistent if and only if for any k € N the marginal dg géllj’fi) corresponding to the
(k + 1th element gk*+12) of ¢® coincides with the kth element g*#). In the third step,
for m < n, m-dimensional marginal distributions of n-dimensional apec distributions are
shown to be m-dimensional apec distributions with suitably modified vector and matrix
parameters and transitions to marginal dgs.

Lemma3.2 Forpu = (i1, ..., un)" € R"and D = diag (ds, . . ., d,) having nonnegative
diagonal entries and rank k > 0, let X = (X1,...,X,)T ~ AEC,,,p(,u, D,g(k’P)). Further,
let m e Nwithm < n, ] = {ji,....Jm} S {L....,0}withji < ... < jy and Xj =
(le, ... ,ij)T the corresponding m-dimensional subvector of X. Then,

kr,
X] ~ AECm,p(l/«];D];g((k;p))

where iy = (/le, e ,M,M)T, Dy = diag (dj,, ... ,djm), and kj = rk(Dy) > 0.

In the final step four, condition (7) ensures that the considered family of probability
distributions is big enough in a suitable sense. Its proof in case of Q = ASC; o (1, 8) is
based on the next lemma on distributions of specific linear transformations of random
vectors following an apec distribution.

Lemma 3.3 Let X ~ AEC,, (1, D,g*?) with tk(D) = k > 0. Then, for every (n x
n)-permutation matrix M and every b € R”,

L(MX + b) = AEC,,,, (MM + b, MDM", g(k,p)) ‘

These sketched four steps to prove Theorem 4.1 are outlined in detail in “Proof of
Theorem 4.1” section in reverse order. At the end of the present section, we consider an
example of random processes being defined by Theorem 4.1 and Corollary 3.1. More gen-
eral examples are studied in “Scale mixtures and particular p-generalizations of elliptical

random processes” section.

Example 3.1 Let gl(fg = (gl()l;p )>k N be the sequence of all dgs of multivariate p-
<

generalized Gaussian distributions. Then, the consistency of gI(fE) is immediately seen and

for any nonempty subset I of R and any functions m: I — R and S: 1 —[0,00),

Theorem 4.1 yields the existence of the real-valued random process AGP,(m,S) having

.AEC; » (M, S) as its family of fdds. Such stochastic process is called p-generalized Gaussian
PE

process having axis-aligned fdds.

3.3 Simulation

In order to simulate a random process X having apec fdds, we consider 7/ =[0, 1], simu-

late the marginal vector of X regarding to the equidistant partition {ﬁ: i=0,..., 200}
T

of [0,1] to get a realization of the random vector (XO,X%.O, o ,X%,Xl) . Then, we
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connect the components of this realization in ascending order by linear functions to get
an approximate realization of a trajectory of X. Since components of apec Gaussian dis-
tributed random vectors are independent, simulation of the random process AGP,(m, S)
according to the method described above is just the simulation of 201 univariate
p-generalized Gaussian variables having specific location and scale parameters. We
denote functions on [0, 1] taking constant values 0 and 1 by Ojo,1; and 1[g,1], respec-
tively. Results of the simulation of the random process AGP, (0[0,1], 1[0,1]) are shown for
pE { %, 1,2, 3} in Fig. 2. Note that scales of axes are highly dependent on the value of p, but
also on the specific realization of a trajectory of the process. Moreover, in Fig. 3, the effect
different location and scale functions m and S have on simulations of AGP3(m1,S) are
shown. See also Appendix 7.2 for several other simulations of random processes having
apec fdds.

4 Scale mixtures and particular p-generalizations of elliptical random
processes

4.1 Scale mixtures of apec Gaussian distributions

Let be u € R”, D € R™*” a diagonal matrix having nonnegative diagonal elements and

rank k > 0, V a positive random variable, and Z ~ AN, ,(0,, D) independent of V.

a b

_6 =
-8 ‘ ‘ ‘ ‘ -6 ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
c d
3 25
ol
ol
15F
1 1
ol 0.5
0
T -0.5
2 1
15F
_3 +
_2 +
4 | | ‘ ‘ 25 ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fig. 2 Simulation of AGP, (00,11, To11)-ap= s bp=1ep=2dp=3
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a b
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0 02 0.4 06 08 1 0 02 0.4 06 0.8 1
c d
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’ 5
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0 3
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’
-2
0
3 | | | | ’ | | | |
0 0.2 0.4 06 0.8 1 0 02 0.4 06 0.8 1
1.5
1
05
0
0.5
-1
15
0 02 0.4 06 038 1
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1
1
0.5
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0.5 0
-1
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-1
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Fig. 3 a Location functions. Simulation of AGP3(m, 1g11) b m = m; €¢m = my d m = ms e Scale functions.
Simulation of AGP3(0p,17,9) fS=51gS=5hS=53
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Furthermore, let G denote the cumulative distribution function (cdf) of V. Then, the dis-
tribution of an n-dimensional random vector X satisfying the stochastic representation

d _1
XEpu+Vr.Z (8)

is called scale mixture of the n-dimensional kapec Gaussian distribution with parameters
w and D and with mixture cdf G and is denoted by SMAN,, ,(u, D, G).

The particular cases SMAN; (0,1, G), SMAN, >(u, D, G) with full rank matrix D, and
SMN,,,(G) = SMAN,,;(0y, Iixn, G) are introduced in Andrews and Mallows (1974),
Lange and Sinsheimer (1993), and Arellano-Valle and Richter (2012), respectively, where
numerous equivalent parameterizations of scale mixtures of the common multivariate
Gaussian distribution and different notions such as normal/independent distributions or
variance mixtures of Gaussian distribution are used. As a first characterization of the
class of SMAN,,,(u, D, G)-distributions, its connections to the classes of SMN,, ,(G)- and
AEC,, (,u, D, g(k'P))—distributions are studied next.

Lemma 4.1 A random vector X: Q@ — R” satisfies X ~ SMAN, ,(u,D, G) with k =
rk(D) > 1 if and only if

XL U+ WYX where X ~ SMN ,(G).

Corollary 4.1 There holds SMAN,,»(1, D, G) = AECy,, (11, D, giyin ) with k = tk(D)
and

11 k oo

p k jod
gg\fj\)[;(;(r) |2 /vf’e_?v dG(v), r=0.

or (}7) )

As aresult, scale mixtures of kapec Gaussian distributions are themselves kapec. More-

over, many properties of such scale mixtures (such as stochastic representations according
to Lemmata 2.1 and 2.4) can be obtained from properties of n-dimensional kapec distri-
butions by specializing dgs (according to that given in Corollary 4.1). Additionally, some
properties as the first two moments of SMAN,,, (11, D, G) can be specialized as follows.

Corollary 4.2 Let X ~ SMAN,,(u, D, G) with k = tk(D) > 1 and V ~ G. Then,
2

1
EX) = 1 ifE (v‘E) is finite, and Cov(X) = 02, D ifE (V_P> is finite where

8SMN;G
2
2 » p

Oy —P

Because of the assertion of the following lemma, SMAN,, (14, D, G) can be called a vari-
ance mixture of ANy, (1, D). In the special case of u = 04, D = I;x» and p = 2, the
following lemma is covered by the main theorem in Kingman (1972).

Lemma 4.2 Let X ~ SMAN,,,(11,D,G) with k = tk(D) > 1 and V ~ G a positive
random variable. Then, the conditional distribution of X given V = v satisfies

2
SX |V =y =AN,1,,,(#,V‘ED), V> 0.
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According to Corollary 4.1, each scale-mixture of the n-dimensional apec Gaussian
distribution is an #-dimensional apec distribution with a specific dg. Now, we are inter-
ested in which AEC,,, (M,D, g(k’p))—distributions can be represented by scale mixtures of
the n-dimensional apec Gaussian distribution. This question is answered by the follow-
ing theorem using the notion of completely monotone functions on [0, 00). A function
f:(0,00) — R is called completely monotone if its restriction f* = fj,00) to (0, 00) is
completely monotone, i.e. f* is infinitely often differentiable and satisfies the inequality
(=)™ leﬁ(z) > 0 for all z € (0, 00) and all m € Ny = N U {0}, see Sasvari (2013).

Theorem 4.1 Let X ~ AEC,, (/L,D,g(k'l’)) with D having positive rank k. Then, X ~
SMAN,, (4, D, G) for the cdf G of a suitable positive random variable if and only if the
function h defined by h(y) = g») (&/7), y €10, 00), is completely monotone.

For the special case of # = 1 and p = 2, this theorem is proven in Andrews and Mallows
(1974). Subsequently, the Euclidean case p = 2 of Theorem 4.1 in arbitrary dimensions
(n € N) is proven in Lange and Sinsheimer (1993) and Gémez-Sinchez-Manzano et al.
(2006). Particularly, the proof of Theorem 4.1 given in “Proofs regarding to “Scale mix-
tures of apec Gaussian distributions" section” section has analogies to that in Andrews
and Mallows (1974) and the cdf G of the corresponding mixture distribution can be
determined with the help of the inverse Laplace-Stieltjes transform of /.

Corollary 4.3 Let X ~ AEC,) (/L,D,g(k'l’)) with k = rk(D) > 1 and assume that the
function y +— g(k’p)( {7/}) is completely monotone in (0,00) and has the inverse Laplace-
Stieltjes transform a, that is

o0
g(k’p)({’/i) = /e_yt da(t), y>0.
0

Then, X ~ SMAN,,(u,D,G) and the cdf G of the mixture distribution satisfies the

representation

t
L/zﬁ dG(pz), t>0.
W p r (1%) |

Moreover, the probability law corresponding to G is regular and has pdf f if and only if

o(t) =

o is absolutely continuous with pdf f,, and both pdfs are connected by the equation

k

k\ k_o s
fG(S):wk,pF l; V2 pfot l; ]l(O,OO)(S)r seR.

Example 4.1 An n-dimensional apec Gaussian distribution is a scale mixture of itself
with the Dirac distribution in 1 being the mixture distribution. The cdf of this Dirac
distribution is the indicator function s — 1 (1,00)(8).

Example 4.2 The n-dimensional kapec Pearson-type VII distribution with parameters
M and v, M > gandv > 0, and dg

k
X I (M) P\ M
gj(ﬁTI;?M,u(r) = Z x 1+ — v 120,
or () r(u-g)
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is the scale mixture of the n-dimensional kapec Gaussian distribution where the mixture
distribution is the Gamma distribution T, £y having pdf

k

()"
p M-k_1

fa®) = = s e 1 o0)(s), SER.
r(m-)

Example 4.3 A special case of the preceding one is the n-dimensional kapec Student-t

distribution with parameter v > 0 and dg gg;ff ) = gl()l;’]; ) ik
’ ;7:‘)

of the n-dimensional kapec Gaussian distribution with mixture distribution I'

being that of the scale mixture
b

Example 4.4 The n-dimensional kapec Slash distribution with parameter v > 0 is
defined as the scale mixture of the n-dimensional kapec Gaussian distribution with
mixture distribution having pdf, ffl(y) =y M »)yeR

4.2 Scale mixed p-generalized Gaussian processes having axis-aligned fdds
Let gg\leG = (gggfl\)[‘G)k N denote the sequence of dgs of scale mixtures of k-dimensional
’ ? €

p-generalized Gaussian distributions with one and the same mixture cdf G with
G is independent of the index variablek in gg\fj\),,G. 9)

According to Examples 4.1-4.4, representatives of mixture cdfs satisfying (9) are the
Dirac distribution in 1, T’ uLas well as the distribution with pdf 5, whereas the cdf of the
distribution I", £ does not generally satisfy (9).

Lemma 4.3 For the cdf G of a positive random variable satisfying (9), the sequence
géﬁ}N;G is consistent.

Throughout this section, again let I be a nonempty subset of R, m: I — R and
S: 1 —[0,00) arbitrary functions, and G the cdf of a positive random variable satisfy-
ing (9). Then, a random process having apec fdds, location and scale functions m and
S, respectively, and the sequence gg\iN;G of dgs exists according to Theorem 4.1 and
Corollary 3.1. Such process is called a scale mixed p-generalized Gaussian process hav-
ing axis-aligned fdds with location function i, scale function S and mixture cdf G and
is denoted by SMAGP,(m, 5, G), thus AECP, (m,S;ghin,c) = SMAGP,(m,S, G). The
motivation and justification of this naming is given by a characterizing property of such
processes in Theorem 4.2 below.

On the one hand, for the special case p = 2, the class of SMAGP,(m, S, G)-processes
is equal to the class of spherically invariant random processes having axis-aligned fdds
which is defined in Vershik (1964). Moreover, it is shown implicitly in Yao (1973) and
explicitly in Kano (1994) that a sequence g‘® is consistent if and only if all elements of
g®@ are dgs of scale mixtures of multivariate Gaussian distributions regarding to one and
the same mixture distribution. On the other hand, for general p > 0, if the mixture
distribution is chosen to be the Dirac distribution in 1, then SMAGP,(m, S, 1(1,00)) =

AGPy(m,S). Furthermore, for any v > 0, let us denote the cdf of F;,; and of the dis-

tribution with pdf fvSl by G‘Eﬁp and Gfl, respectively. Then, SMAGP, (m, S, Gf%) and

SMAGPp(m, S, Gfl) are called p-generalized Student-¢t and p-generalized Slash process
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having axis-aligned fdds with location function s, scale function S and parameter v, and
are denoted by AStP,(m, S, v) and ASIPy,(m, S, v), respectively.

Because of its construction, a scale mixed p-generalized Gaussian process X having
axis-aligned fdds with location function m, scale function S and mixture cdf G is uniquely
determined except for equivalence and denoted X ~ SMAGP,(m, S, G). Next, we state a
characteristic representation of the random process SMAGP,(m, S, G) with the help of a
specific p-generalized Gaussian process providing the motivation for the naming of such

process.

Theorem 4.2 Let X = {X;};c; be a scale mixed p-generalized Gaussian process having
axis-aligned fdds, X ~ SMAGP,(m,S,G). Then, X and Y = {m(t) v v‘izt]tel are
equivalent where the p-generalized Gaussian process Z = {Zs},c; ~ AGP,(0r,S) having
axis-aligned fdds is independent of the random variable V ~ G.

For p = 2 and m = 0j, Theorem 4.2 is proven in Wise and jun Gallagher (1978).
In the sequel, using the characteristic representation from Theorem 4.2, we determine
expectation and covariance functions as well as stationarity properties of the random pro-
cess SMAGP,(m, S, G). Since SMAGP,(m,0;, G) equals a.s. the location function m, the
results of Theorems 4.3 and 4.5 below are restricted to non-vanishing scale functions, i.e.
S #0r. Let gge[N;G = <g§l;\f]\)’;G)keN be the sequence of dgs of scale mixtures of multivari-
ate p-generalized Gaussian distributions with one and the same mixture cdf G such that
E (V_1%> is finite where V' ~ G. Then, because of Corollary 4.2 and property (9) of G, the

sequence (02(,( » of the corresponding univariate variance components is constant
8smNiG /) keN

and an arbitrary element of it is subsequently denoted by o2,
EsMN;G

Theorem 4.3 Let X = {Xt};ef ~ SMAGP,(m,S,G) with S # Oy and V ~ G. Then,
the expectation function of the random process X exists and is equal to the location func-
1 2
tion m if & (V_1;> is finite. If E <V_?’) is finite, X is a second order random process with
covariance function I' : I x I — R given by
02, S ifs=t

(s, t) = 8sMN;G :
else

As announced before, different stationarity properties of the random process
SMAGPy(m, S, G) are studied now. We start with a result on strict stationarity.

Theorem 4.4 Let X = {X;};c; ~ SMAGP,(m, S, G). Then, X is strictly stationary if and
only if m and S are constant.

In the following theorem, we additionally take the notions of weak stationarity and

white noise into consideration.

Theorem 4.5 Let X = {Xi},cf ~ SMAGP,(m,S,G), V ~ G, u € Rand § > 0. Then,
the following statements are equivalent:

1) There holds m(t) =  and S(¢) = 8 forallt € I and E (v‘z%) is finite.
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2)  Xis strictly stationary, E (V_P% ) is finite, the expectation function of X attains the
constant value u and the covariance function I' of X satisties ' (¢, t) = 02(1,) § for
allt € I andT'(s,t) = 0 for all s, t € I withs # ¢. oo

3) X is weakly stationary with constant expectation  and covariance function I'
given by I'(s, t) = K (s — t) where K satisfies K(0) = 02(1,) 8 and K(h) = 0 for all
hels—t:stel\0). e

4) X is white noise with expectation p and variance az(p) 3.

8SMN;G

Finally, we establish the closedness of the class of all scale mixed p-generalized Gaussian

processes having axis-aligned fdds with respect to linear transformations.

Theorem 4.6 Let {X;};c; ~ SMAGP,(m,S,G), b: I — Rand y: 1 — R. Then,
Yy (OXe + b(®)} ;e ~ SMAGP, (ym + b,y?S, G),

where [ym+b] : I — Rand [7/25] : I —[0,00) are defined by [ym + b] (t) = y (t)m(t)+
b(t), t € I, and [y*S] (t) = (y(£)2S(t), t € I, respectively.

5 Proofs

5.1 Proofs of Lemmata 2.3 and 2.5

Before proving Lemma 2.3, we state a part of its proof as the following remark on the p-
generalized surface content of p-generalized spheres of different dimensions in relation
with a certain integral.

Remark 5.1 Foreveryv € Nwithv > 2and everyx € {1,...,v —1},

Opp Oy /2<<:os(w))”—K—1 G
0

@vp ((sin(¥))? 4 (cos(¥))¥)»

According to Richter (2009), the left hand side of the above equation is the limit of
the cdf of the p-generalized Fisher statistic T),_, . (p) evaluated at ¢t as ¢ — oco. Hence,
Remark 5.1 follows from the elementary fact that the cdf of a univariate random variable

evaluated at ¢ tends to one as ¢t — oo.

Proof of Lemma 2.3 Let k € {1,...,n — 1} be fixed. Denoting 7, = ﬁ, using

integral transformation y = 2 + ¥ with % = pz’~! and finally renaming r and z by x

and y, respectively, we get

o0
2 k+1_(k,p)
O k) = Thp Pkp / g () dr
&) 0

o0 o0
= Thp Ok p On—kyp / /xkﬂy”*k*lg(”’p) <,”/x1’ +y17) dy dx.
0 0
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Applying the 5 ,-spherical coordinate transformation x = r% and y = r%
with N,(¥) = (Isin(@)I? + [cos(y)I?) " and j((fv{)) = X757 see Richter (2007), Fubini's
’ 12

theorem and Remark 5.1 for v = n + 2 and k¥ = n — £, it follows

T

il (cos(w))k*'1 (sin(lp))”—k_1
ng(k,p) = Thp @kp Pn—kp / / g (r) dyr dr
00

n+2
()

((sin(¥))? + (cos(y¥))?) 7

2
- Ug(n,p) .

Proof of Lemma 2.5 Tt follows from D = (W1 JST)(WG \/S_l)T and Lemma 2.1 that
wix L we (M +R- (Wl\/ST> ulg“) — Wl +R-/SUP.

Since 4/S; has full rank k, WX is k-dimensional rank-k-continuous p-generalized ellip-
tically contoured distributed with parameters W ;v and S; and with dg g®P). By definition

of this distribution, for ¥ ~ Dok, it follows WX 4 Win+/S1Y. Thus, WX has pdf

1 g(/GP)(’\/S»l_l (Z _ WITI,L)‘ ), z € Rk
dik p

Since the columns of W) and W, together build an orthonormal basis of R”, we have
W; W1 = O0p—k)xk and

WiX £ Win +R-WyWiy/siul = Win s

Thus, the orthogonal projection ¥ = Il Uy (1) (X) of X into the space L[W;r () has the
2
pdf

1 —1
g(k»P)<‘\/§ Wir(x — M)‘ ), X € ]Rny
@ ... d, v

and the orthogonal projection of X into the orthogonal complement of Uyyr (1) has
probability mass zero. O

5.2 Proof of Theorem 4.1
We start with considering a particular case of Lemma 3.3.

Lemma 5.1 Let X ~ AECn,p(u,D,g(k'P)) where tk(D) = k > 1. Then, for every (n x
n)-permutation matrix M and every b € R”,

£(MX +b) = AECn,p(M,bL i b’MDMT,g(k,p)) '

Proof With notations from “The class of #n-dimensional rank-k-continuous axis-aligned
p-generalized elliptically contoured distributions” section,

MX+ b2 (Mu +b)+ MW1Y/S1Y  where Y ~ @y,

Page 18 of 37
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Since MW1/S] € R"*X arises from Wi/S1 by interchanging rows, it has rank k. Thus,
T
£ (MX + b) = AEC,,,, <Mu +b, (MWM/ST> (MW1 \E) , g(k'p))

= AEC,, (MM + b, MDM", g(k’p)> .

O

Proof of Lemma 3.3 Because of Lemma 5.1, only the case k = 0 has to be considered. In
this case, X ~ AEC,;, (,u, 015115 g(o’p)), i.e. X follows the Dirac distribution in . Thus,

MX+bEMu+b P—as.

and S(MX + b) = AEC,,,(Mp + b, MO,,X,,MT,g(O’P)) because of 0,y = MO0y,5,,MT. O

Denoting the cardinality of the set A by |A|, we continue with studying a particular case
of Lemma 3.2.

Lemma 5.2 Let be X = (Xi,...,X)7 ~ AEC,p(u D,g(k’P)) where 1 =
(U1 .- un)T € R" and assume D = diag (dy,. .., d,) has nonnegative diagonal entries
and rank k > 1. Further, let m € Nwithm < n, ] = {j1,...,jm} S {1,...,n} withj; <

. < jm and Hn efl,...,m}: d; > 0}| > 1. Then, the corresponding m-dimensional
subvector Xj = (Xj,, ... ’ij)"r of X satisfies

(ky.p)
Xj ~ AECyp (M/, Dy, g )

where i = (1, . .. ,,u,-m)T, Dy = diag (d;,, . ..,d;,) and k; = tk(Dj) > 1.

Proof Starting from the equation X; = I'’X where

mT
i
r= : e R"™"
mT
G
and using notations from “The class of #-dimensional rank-k-continuous axis-aligned

p-generalized elliptically contoured distributions” section, it follows that

mT
e f
Twiys =| ( fdre .. dike§:)> =| ¢ |ermx
" fm
where
,/dilegk)T ifj, =i foranl e {l1,...,k}
S =Y, , n=1,...,m.
0 else
Thus, for Y = (Y1,...,Yx) ~ CI>g(k,p), we get
h(1)
rwiysiy=| : |er”
h(m)

where
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else

k
d; Y ifj,=i;foranl e {1,...,k
h(n) = 2 |d;,Y,5:, = {Ov i Yl Jn =1l { } ’
I=1

n=1,...,m. Now, let
K={lef1,...,k}:ij=j,foranne(1,...,m}}. (10)

Then, |[K| = Hr} e{l,...,m}: 01327 > 0” > 1 and the matrix I' W;4/S7 has k — |K| zero
columns. Since each non-zero column is the product of a positive constant with a unit
vector in R™, the vector I' W14/S1Y consists of |K| different components of ¥ multiplied
by positive constants and of m — |K| zeros. Subsequently, put K = {ll, . ,l|1<|} where
li <ly < ... <l is an increasing enumeration of the elements of K and let

v (1)
M= : c Rmxﬂ(\
v (m)
be a matrix consisting of the row vectors
T
di e ifj, =iy forak € {1,...,1K])
v =4 ¥ , n=1...,m.
K| else

Then, for B € B, Y ~ CDg(k,,,) and Z ~ CIDg(uq,p), it follows that
(k)

h(1)

P(rwiV51Y e B) =P . | eB, Y eRforallle {1,..,k\K
h(m)
= P(MZ € B)

and, because of (1) and rk(M) = |K],
X =TXZ 0, +TWiysY £+ Mz
(IKl.p)
~ ECpyp (,LL],MMT, gy ) .
Note that M can be extended to ' W7./S; by adding zero columns without changing

the rank. Moreover, MMT = (I W14/S)) (FWM/Sl)T = I'Dl' = Dy and |K| = rk(M) =
rk (MMT) = 1k(Dy) = kj. Summarizing all, we have

ky,
£0G) = AECyp (11, D1 g)”).

Proof of Lemma 3.2 1f k = 0, X ~ AEC,,(u, Oy,xn,g(o’p)) and J] = {ji,...,jm} C

{1,...,n}withj; < ... <. Inthis case, X; = yj P-a.s. and
0,
Xy ~ ECm,p (H]; Omxmyg((o)p)>

because the symbols g©®? and g((]?;p ) can be switched for a k € N U {0}. Now, let
X ~ AECn,p(,lL, D,g(k’p)) where D = diag (dy,...,d,) has nonnegative diagonal ele-
ments and positive rank &, and let /] = {j1,...,jm} € {1,...,n} be an index set such
thatj; < ... < j, and Hn e{l,...,m}: \/d7n > O” > 1. Then, Lemma 5.2 yields the
assertion. Finally, let X ~ AEC,, (i, D,g'*?)) where D = diag (ds, .. .,d,) has nonneg-
ative diagonal elements and positive rank k but, now, where J = {j1,...,jm} € {1,...,n}
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is an index set such thatj; < ... < j, and Hn ell,...,m}: \/d]>n > OH = 0. Using
the notation from the proof of Lemma 5.2, the set K defined in (10) has cardinality
K| = Hn ef{l,...,m}: M > 0” = 0. Because of this, ' W7 /S7 is equal to the (1 x k)
zero matrix and the distribution of T W74/S1Y for Y ~ & g(k) is concentrated in 0,,,. Since
Dy = diag (dj, . ..,d;,)) = Omxm kj = rk(Dy) = 0and X; = I'X 4 wur + TW1/S1Y for
Y ~ CDg(k,p), it follows

X] = Uy P— a.s.,

. 0,
ie. X; ~ AEC,, (w, Opsscon g((k)”)). O

Proof of Lemma 3.1 Starting from (5) and using the transformation y = |x|§ + y?, for
x € RK, we get

oo
g% (Ixl,) = /g(k“"’)({’/ el + Iy{p) dy
—00
[e¢]
— Z/g(k+1'1")<”/|x|§+y1”) dy
0

o0
2 - 1_ -~
=2 [ G- w0 (45) a5
Il

Because of w1, = 2,

g*P (1xl,) = g (1nl,) . x € RE.

Proof of Theorem 4.1 For n € N and arbitrary elements ¢1,...,%;, ty+1 of
let w"tD = (mty),...,mty), mt,p1)T € R and assume D"FD
diag (S(t1),...,S(ts),S(ty11)) to have rank k. Further, let Q. .t,6,1() =
AECn-H,p(' | /L(”H),D(”H),g(k'p)) € ASC‘Q(I,) (m, S) be the probability measure induced
by a random vector following the (#+ 1)-dimensional kapec distribution with parameters
w1 and DD and dg g e g if k > 0 and symbol g7 if k = 0, respectively. By
Lemma 3.2, it follows

~

Qttrrtmitms1) (A X R) = AEC,y 11, (A xR | M(nJrl),D(nH),g(k,P))
(K:P)
=AEcn,p<A | 1, D, g% ) A B,

where u = (m(ty), ..., m(t,))T and D™ = diag (S(t1),...,S(t,)) withk = rk (D) €
{k — 1, k}. Furthermore, using Lemma 3.1 if « > 0 and recalling the exchangeability of
symbols g((,%p ) and 2®?) (to maintain the notation as in the proof of Lemma 3.2) if k = 0,

we have

Therefore, the marginal probability measure Q... s,} of Q(t,....5,.1) corresponds to the
element AEC,,,(u"™, D", gP)) of AE Cfg » (m, S) and, thus, the Kolmogorov consistency
condition (6) is satisfied. Now, let = be a permutation of {1,...,n} and M the corre-
sponding permutation matrix. Additionally, let Q,,....,)() = AEC,,(- | n, D,g*P) €
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Aé'Cir » (M, S) be the probability measure induced by a random vector X with X ~
AEC,p(1, D,g“P) where u = pu™ = (m(t),...,mt,)" and D = D" =
diag (S(t1),...,S(ty)) with k = rk(D). Then, Q{t,,m,...,tﬂ(n)} is induced by MX and,
according to Lemma 3.3,

Qesisyoni} () = AECup ( | My, MDM?, gW’)) .

If «k = 0, then D = MDM™ = 0,x,. In this case, Qy,
measures in u and Mpu, respectively, and, for A € 95",

tsy and Qg ;v are Dirac

.....

..........

= T4() = Qqey,....t,) (A).

Thus, the Kolmogorov consistency condition (7) is satisfied if « = 0.
Now, let « > 0. Using the notations of matrices S;, Wi and W, from
“The class of n-dimensional rank-k-continuous axis-aligned p-generalized elliptically
contoured distributions” section, (W1¢S_1)(W1J.S_1)T is a decomposition of D with
Wi/S1 € R™¥ and rk (Wlm = k and the columns of W5 are a basis of the ker-
nel of D. Consequently, on the one hand, (MW1./S1) (MWM/S_l)T is a corresponding
decomposition of MDM? with MW1+/S) € R”*¥ and rk (MW 1+/S1) = « since left mul-
tiplication of W7./S1 by permutation matrix M only interchanges columns and leaves the
rank unchanged. On the other hand, the columns of MW, build a basis of the kernel of
MDM?T,

Uy (Mp) = {My € R": Wy = Wy} =M Uy (),
and

(k) _ a0
My gy 0110 ) = Aatr 0 ©) = M T(u)(fMT())

(Mwy)T

where fyr is defined by fyr(x) = MTx, x € R”. Finally, for A € 98", Eq. 4 resulting
from the pdf-like representation of an n-dimensional apec distribution together with the
transformation y = fjr (x) having the Jacobian |det(M)| = 1 yield

= AEC,, (MA | Mu, MDM, gW))

1 -1
= ———— [ g“P (VS @MW) x—M ) )
TN Mé g (ﬁ MW)" (x u)\p Uy 1) (@)

— # (k,p) -1 T o ()
~ det(v/5)) / & (\\E Wi (fure () = ) \p) Mgz o (o (@)

JSur(A)

(K ) ()
det \/@/ p(\/i Wl(y /’L)‘ ) )‘u T(M)(d)’)

= Q{t1 ..... tn}(A)'

Thus, the Kolmogorov consistency condition (7) is satisfied in case ¥ > 0, too. O

5.3 Proofs regarding to “Scale mixtures of apec Gaussian distributions” section
Proof of Lemma 4.1 For a positive random variable V' ~ G, because of (1) and (8), we
_1 _1 ~
have X 2 w—+V 7 .Zwhere Z ~ AN, ,(0,, X). It follows X 2 w+V o r-Wiy/S§1Z where
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~ 1 ~ ~ ~
Z ~ Nipand X 2 w+ Wi/S$1V o r - Z where Z ~ Ny p,. Thus, X 2 uw+ W14/81.X where
X ~ SMNy.,(G). O

Proof of Corollary 4.1 In the case k > 1, the assertion follows from Lemma 4.1, Eq. 1
and the identity SMNy ,(G) = d)gg\f;\)z;g from Arellano-Valle and Richter (2012). In the
case k = 0, Z = 0, a.s. in (8). Therefore, X ~ SMAN,; (1,0, G), that is X has Dirac
distribution in u. Thus, X ~ AEC,,,, (/1,, Onxn,gg[)\ﬁw), where ggj\flz,ﬁ is just a symbol to

maintain notations. O

Proof of Corollary 4.2 By Corollary 4.1, the assertion follows from Lemma 2.2 with

the specific dg gggfl\)[;G. Particularly, for m € {1,2}, Ij1m (gé%\)[;G> is finite if and only if

E (V_?> is finite. To see this, consider

oo

o0
k jod
Iiem (&) = C / Pt f vee 7' dG() dr
0

0
o
k ktm 4 k+Wl _
=Cpr T|—— 12
b 0

Here, we used notation C, = pTlp), two times Fubini’s theorem and changed variables

SI3

dG(v).

—_

1

1 1 1
T ST " T G S S R, . N .
s= v with =pP v psr . Finally, by Lemma 2.2, the specific univariate variance

component is

8smn;c = P (

Fl)
p

(k,p) 3F<E)E(v‘3).

O

Proof of Lemma 4.2 Let Z ~ AN,,,(0,, D) and assume Z to be independent of V. Making
use of Eq. 8 and exploiting the independence of Z and V, for all B € 6" and v > 0,

P(XeB|V=v)=P((n+V7Z) eB|V=v)=P((n+V7Wi/5Z) € B)

~ _1 _1 T _2 _1
where Z ~ N ,. Because of (V » W1\/5_1> (V Z WM/ST) = v rDwith v P W7./S] €
R"*K and rk (V_%Wl «/ST) = k, according to (1) with dg gl(,k’p ), the assertion follows from

1 ~ 2
£ (M +vr Wl\/STZ) = AN, (/L, vfiD) , v>0.

O

Before proving the general statement of Theorem 4.1, we prove the following particular

one.

Lemma 5.3 Let X ~ @y Then, X ~ SMNy ,(G) for the cdf G of a suitable positive
random variable if and only if the function h defined by h(y) = g(k’p)({/y), y €[0,00), is
completely monotone.

Page 23 of 37
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Proof Throughout this proof, let X ~ @,y . If X ~ SMNj,(G) for the cdf G of a

(p)

suitable positive random variable, according to Corollary 4.1, g®») = go7" - and

k

o0
h) = giea(7) = f vre 7 dG), y=0,
0

1—

S

. Because of

where C, = 2

2r(

=
~—|

oo
d"h Ck ok,
g D) = (—1)’”—;fv5+me 7 dGW), y>0

y p
0

for all m € N U {0}, & is completely monotone in [0,00). Now, let & = g(k’l’)({[) be
completely monotone on [ 0, 00). According to Hausdorff-Bernstein-Widder theorem, see
Widder (1946), & is representable as the Laplace-Stieltjes transform of a nondecreasing

function o, i.e.

e ¢]

h(y) = fe_yt da(t), 0<y< oo,
0

and the integral converges for all 0 < y < co. Additionally, denoting,

t

,B(t)—/ ky Pda<lv), t>0,
p

1

Stieltjes integral properties yield

h(y):fe_y(l%) ( )— /l’e 7 (), y=>0.
0 0

Thus,
o0
k
g5 (r) = =C /vPe 7" dB(v), r>0.
0

Consequently, it remains to show that G defined by G(v) = B(v) — li\% B(t),v > 0,is the
t

cdf of a positive random variable. Note that G is nondecreasing since « has this property.
Hence,

V2

G(2) — G(v1) = B(v2) — B(v1) = / C;kV_IK’ da(;v> >0, 0<v <w.

V1

It remains to show that 1 = Ilim G(v) — li\rj(q) G(t). To this end, let g(k’l") (z,r) =
V—>00 t

A
Cll,f [ vre P"dB(v), 1 < z < oo, denote a left and right truncated version of g&,
z—1

1
Using Fubini’s theorem, change of variables s = r&/v with % = v 7 and the equality
kp Ik (gI(JEp)> =1, we have
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o0 z o0
k 174
/ g5 (2, 1) dr = / Ve / k1 7" drdp)
0

0 71
= [ 1(e) ap)

— (B@-B(zY), z>1

k.p

Because g(k’P) (z,r) is a nonnegative function and g(k’P) (r) = h(@P), it follows 0 <
r*=1g&n) (7, ) < r*~1g&P) (p) for all z > 1 and r > 0. Furthermore, because of its struc-
ture as well as its nonnegativity, for all » > 0, the function *~1g%#) (z, r) is monotonically
increasing in variable z and converges to r*~1g®#) () as z — oo. Thus, the monotone
convergence theorem of Beppo Levi yields the desired

Jim G lim 6 = lim (60~ G(¢”1)

= lim p(2) — B (z7")

= lim oy, /rk_lg(k'p)(z,r) dr

z—>00
0

k,
= wpp Ik (gzggp))
Therefore, G defined by G(v) = B(v) — 11\21(1) B(t), v > 0, is the cdf of a positive random
t
variable. Finally, because of

e e]

Kk o_i,
g*P )y = h(¥) = Ck /w 7" dB(v)

0
k _r2
Cll,f/vpe P"d(ﬂ(@—}%ﬁ(ﬂ)
0
4
= C[’;/Vzée_7v dG(v), r>0,
0

we have gk») = g(l;f]\),G a.e.in [0,00) and X ~ SMNy ,(G). O

Before proving the general statement of Corollary 4.3, we prove the following particular
one.

Corollary 5.1 Let X ~ Pyt and assume that g(k’p)(fﬂ) is completely monotone in
oo
(0,00) and has inverse Laplace-Stieltjes transform o, g*P) (gfy) = [ et da(t), y > 0.
0
Then, X ~ SMNy. ,(G) and the mixture cdf G satisfies the representation

¢
p

k
a(t) = 7‘/‘21’7 dG(pz), t>0.
wk,pr(£>

1

Page 25 of 37



Mdiller and Richter Journal of Statistical Distributions and Applications (2019) 6:1 Page 26 of 37

Moreover, the probability distribution corresponding to G is regular and has pdffg ifand
only if o is absolutely continuous and has pdf f, where both pdfs are connected by

k k_
fG(S) = wk,pr(;)P" 2 S pfot (;) Il(0,00)(5), seR.

Proof of Corollary 5.1 According to the second part of the proof of Lemma 5.3, on the
one hand, there exists a nondecreasing function « satisfying g ( oY) = ?oe_yt da(t),
y > 0. Since X ~ SMN; ,(G) for a suitable mixture cdf G, on the other ha?nd, we have
g(k’P)({/}) = gg;f]\),;G({/y) = C;f ?vg e_x%yv dG(v),y > 0. Then, changing variables z = %v,

0

o oo t

k 1 k
f e da(t) = cg / vee »” dG(v) = Lk / zre ¥ dG(pz)
0 0 @hkp F(;) 1

and using properties of Stieltjes integrals, it turns out that

t

p k
7/(/214’ dG(pz), t>0.

wpp T (;) |

Hence, regularity properties of probability distributions regarding to G and « are

o(t) =

equivalent. Moreover, since fg is the pdf of a positive random variable and there holds

ol = — 2800 _ P

Wpp F(g) dt Wkp l_‘(fj

t > 0, according to the above equation involving fg, it follows f(s) = 0 for all s < 0 and
k _k
s\ 7 s
fo(s) = ax, F()p2 () f; () , s>0.
"o \p r) \p

Proof of Theorem 4.1 Let X ~ SMAN, ,(u,D, G) for the cdf G of a positive random

variable. Then, g*#) = gg\f}\){;c according to Corollary 4.1 and gg](\f]\),;G({’/_-) is completely

k
tr - fe(pt),
)

O

monotone in [ 0, 00) according to Lemma 5.3. Vice versa, let X ~ AEC,, (1, D,g(k’p)) with
k = rk(D) and assume h(-) = g(k’p)({’/?) to be completely monotone in [0, c0). Then,
according to Lemma 5.3, g*?) is the dg of a distribution from

{SMNk,p(G): G is the cdf of a positive random variable } ,

Le. ®yup = SMN,(G) for a suitable cdf G of a positive random variable. Thus, X 2
w4+ Wi/SiX where X ~ SMNy,,(G) because of (1) and, finally, X ~ SMAN,,,(i1, 2, G)
because of Lemma 4.1. O

Proof of Corollary 4.3 According to (1), for X ~ AEC,, (1, D,g(k’l’)) with rk(D) = k, we
have

X<+ Wi /S1X where X ~ Pyikr -
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Because g(k'p)({f) is completely monotone in (0,00), Corollary 5.1 yields X ~
SMNy, »(G) as well as

t

k
P /zl‘7 dG(pz), t>0,
Wk F<K>
Po\p) 1

where « is the inverse Laplace-Stieltjes transform of g*») (\’7—) The relationship between

a(t) =

the pdfs fg and f, follows in analogy to the second part of the proof of Corollary 5.1. [

5.4 Proofs regarding to “Scale mixed p-generalized Gaussian processes having
axis-aligned fdds” section X
Proof of Lemma 4.3 Using Fubini’s theorem and changing variables y = v 7z with % =

V_I%, for all k € N and r > 0, there holds

o0 o0
[ dsnt (e +b) do=2 [ i (67 +7)
0

00 11 ©©
= C};/Wk’e_gvdG(V) lljlpv/e_f dz.
0 (E) 0
Since G is independent of k, see (9), the first factor on the right hand side of the
latter equation is equal to the value of the dg gg\f]\)[;G evaluated at r. Furthermore, the
corresponding second factor equals 1. Thus, the assertion follows with

o0 o0
k+1, T k+1,
/géMNfé)O(xl,...,xk,ka) ‘p) dxii1 = fgéMN;lé)(P/rP + |y|1’> dy

o %
= g (1)
= gél/(\fz\)[;G(le’ ... ,xk)T|p>

forallk € Nand (x1,...,x%)" € RK where r = |(x1, ... ,xk)T’p and y = x441. O

Proof of Theorem 4.2 Let n € Nand ] = {#1,...,t,} an arbitrary subset of I having n
elements. Then, ] € H(I), and AEC,,,, (;L,D,gg;f]\),;G> with u = (m(ty),. .., m(t,))T and
D = diag (S(t1),...,S(t,)) where k = rk(D) is the fdd of the random process X corre-
sponding to X; = (X, ... ,th)T. Moreover, AN, ,(0,, D) and £ (M(”) + V_I%Z/> are the
fdds of Z regarding to Z; = (Zy,,... ,Ztn)T and of Y regarding to Y7 = (Y4, ..., Ytn)T,
respectively. By (8) and Corollary 4.1,

1
£ (1™ +V772)) = SMAN, (1, D, G) = AECy (11, D, g1 )

for all # € N and every set ] = {#1,...,t,} € H() with |J/| = n. Thus, the random

processes X and Y are equivalent meaning that they have one and the same family of
fdds. O

Before we prove Theorem 4.3, we consider the following special case of it. To this end,

notice that the sequence (o Z(k m) of all univariate variance components of multivari-
&E /) keN

ate p-generalized spherical Gaussian distributions equals the sequence (o 2(1,) ) with
8smniG /) keN
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G = 1(1,00). Thus, according to the paragraph before Theorem 4.3, it is constant. Subse-

quently, an arbitrary element of it is denoted by oz(p) and satisfies 02@) = oz(p) =
PE PE 8SMN;1 (1, 0)
3
21(3)

PGy

Lemma 5.4 Let Z = {Zs},c; ~ AGP,(m,S). Then, Z is a second order random process,

its expectation function is equal to m, and its covariance function I': I x I — R is given by

o’ -S(t) ifs=t
T(s,t) =1 & .
0 else

The proof of this lemma follows immediately from Corollaries 4.1 and 4.2 and is
therefore omitted, here.

Proof of Theorem 4.3 Let Z = {Z};,c; ~ AGP,(0,S) be independent of V' ~ G.
Then, according to Theorem 4.2, X is equivalent to the random process ¥ =
[m(t) + V_I%Zt}td and V_Il’ and Z; as well as V_l% and Z;Z; are independent for all
indices s, t € I. Because of

EX,) =E (m(t) 4 v‘ﬁzt) — m(t) + E (v‘i) E(Z,)

and E(Z;) = O for all ¢ € I according to Lemma 5.4, the value of expectation of X; exists

1 2
and is equal to m(t) if E(V™ ») is finite. Furthermore, for all ¢ € I, the independence V™ 7
and Z;Z; = Z? yields

E(X}) = o) + 2mE (V7 ) E@) +E (V7 ) E(2).

As Zzis a second order random process, X is a second order random proczess, too, if
E (Vﬁﬁ) is finite. In this case, for all 5,¢ € I, using the independence of V' 7 and Z,Z;
as well as the covariance function of a centered p-generalized Gaussian process Z having
axis-aligned fdds with scale function S from Lemma 5.4, it follows

(s,t) = CovXy, X; = E (v‘z%) E (Z:Z,)

2
E(V r)o?, -S@t) ifs=t
B |
0 else

The equation E (Vﬁl% ) oz(p) = 02@) yields the asserted result. O
&pE EsMN;G

Proof of Theorem 4.4 Let X be strictly stationary. Then, for all 4 € I and & €
Hy = {h € R:t1 + h e I}, the distributions SMAN1,(m(t1),S(¢1), G) of X;;, and
SMAN7,,(m(t1 + h), S(t1 + h), G) of Xy, 1), are equal. If S(¢1) = 0, the distribution of Xy, is
the univariate Dirac distribution in #2(£;) which can be considered to be the scale mixture
of the univariate kapec Gaussian distribution with k = 0, location parameter m(#;) and
scale parameter 0. Therefore, for all 1 € Hy,, £ (th+h) is the univariate Dirac distribution
in m(t1), too, and it follows S(t; + #) = 0 = S(¢1) for all 1 € Hy,. Thus, S = 0;. Since
£ (Xg41) = SMANL,(m(t1 +h), 0, G) is defined to be the Dirac distribution in m(¢; + h),
it follows m(t; + h) = m(ty) for all h € H;, i.e. m is constant on . If S(¢1) > 0, according
to “The class of n-dimensional rank-k-continuous axis-aligned p-generalized elliptically
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contoured distributions” section, for all t; € Tand & € Hy, £ (th) and £ (thJrh) have
x — m(t1)

pdfs
% ap ( )
= ’ s e R,
Jx, ) = 50 8SMN;G S x

f %) = Cp (Lp) < x—m(ty +h) ’)
Xt1+h - S(t] I h) gSMN;G /S(tl ¥ h)

x € R,

1

1

. v

respectively, where C, = ey
21"

- Because £ (X;,) = £ (X, 1), we have fx, = fX,, 1 t0O.
As fx,, and fx, ,, h € Hy,, are symmetric with respect to the straight lines x = m(¢1) and

x = m(t1+h), respectively, being parallel to the ordinate axis, it follows m(t1) = m(t1+h)
CP
VS(@)
andf)(tlJr,1 (m(t1 + h)) = W the identity of these pdfs implies S(t1) = S(¢1 + h) for

all t; € I and i € Hy,. Thus, the constancy of S on I is shown. The other direction of this

forallt; € Iandh € Hy,. Thus m is constant on I. Furthermore, since th (m(ty)) =

proof is omitted, here. O

Proof of Theorem 4.5 Let assume 1). According to Theorem 4.4, the constancy of m and
S vyields strict stationarity of X. Moreover, according to Theorem 4.3, it follows by the
existence of expectation of Vﬁl% that X is a second order random process having expec-
tation function m and covariance function I" given by I'(,£) = az(p) S(t) forallt € I

SMN;G
and I'(s,t) = O for all s,¢ € I with s £ ¢. Because of m(t) = pand S(t) = § forall ¢t € I,
the expectation function of X is constantly equal to u and the covariance function of X

satisfies I'(¢,£) = 02(p) dforallt € Tand I'(s,t) = O for all s,¢ € I with s # ¢. Thus,

EsMN;G
1) implies 2). Further, every strictly stationary second order random process is weakly
stationary and the covariance function I" of X from 2) evaluated in (s,t) € I x I is rep-
resentable as a function only depending on the difference s — ¢ since it follows from the

property 3) of function K that I'(¢,¢) = 02@) § = K(0) = K(t —t) forall ¢t € I as well

EsMN;G
asI'(s,t) = 0 = K(s —t) for all s, € I with s # t. Thus, the implication from 2) to 3)
is shown. Additionally, it follows from 3) that CovX,, X; = I'(s,£) = O for all s,¢ € I with

s #tand E(Xy) = m(t) = paswell as Var(X;) = T'(¢,t) = 02@) § for all t € I. Hence,
EsMN;G
assuming 3), random variables X;, ¢t € I, are uncorrelated and have constant expecta-

tion u and variance az(p) 8. Thus, 4) follows from 3). Finally, let us assume 4) to hold.
EsMN;G

2
According to Theorem 4.3, X is a second order random process if E (V_f’) is finite. Fur-
thermore, because of the definition of white noise as in 4), it holds m(t) = E(X;) = u as

well as 02@ S(t) = Cov( Xy, Xy) = Var(Xy) = 02@) § for all t € I. Then, m and S are
& &5,

constantly equal to u and §, respectively. Thus, the 1mpllcat10n from 4) to 1) is shown. O

Finally, the proof of Theorem 4.6 is based on Lemma 5.6. In preparation for the proof

of this lemma, we establish the following special case.

Lemma 5.5 Let X ~ AECn,p(u,D,g(k’P)) with D = diag (dy,...,d,) having non-
negative diagonal elements and positive rank k. Further, let be b € R" and I' =
diag (y1,...,vn) € R such that TDT' = diag (ylzdl, e yfd,,) has positive rank
kr > 1. Then,
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S(UX + b) = AEC,,) (F ju+b,TDL, g '1’)) .

Proof Assuming y,,, # Ofore = 1,...,/and y,,, = Ofore = [+ 1,...,n where
my < my < ... < mpand myy, < myy < ... < my, and using notations from
“The class of n-dimensional rank-k-continuous axis-aligned p-generalized elliptically
contoured distributions” section, it follows that

el yf (@)
IWiy/S1 = : (x/dTleEf) dikel(;o) — 5 c Rk
yuel yuf (1)
where
f(n):<\/d7je}k)T ifn =ijforaje(l,... k} n=1 Y
0; else

Since y, =0forn € {ml+1, R m,,}, there holds

h(1)
TwiysSi=| : |er™*
h(n)

where

’

h(n) = yn,/d"e;k)T ifn € Kandn =ijjforaje{1,...,k}
0; else

n=1,...,nand

K= {n: n=iiforaje{l,...,k}andn = mc forae e{l,...,l}}. (11)

Then, |[K| > 1 because of rk(T'DI") > 1, and I'W;+/S; has |K| columns being the
product of a positive constant, a constant from R\ {0} and a unit vector of R¥, Particularly,
all these unit vectors differ from each other and, using the notation §;,, of Kronecker’s
Delta, we have

k1
KI=) "> Sime.

j=1 e=1

Hence, I'W14/S]1 has k — |K| columns being 0,,. For Y = (Y1,...,Y)T ~ CDg(k,p), it

follows that
6(1)
rwiysiy=| : |eR”
0(n)
where

0(n) YovdnY; ifneKandn=iforaje(l,..., k}
n =
0 else
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n =1,...,n, and the vector ' W14/S1Y consists of |K| different components of Y. Thus,
for B € B”, we have

6(1)
p(rWI\EYeB)ZP : | eB, YjeRforallje(l,...,k}\J
6 (n)
where J = {j € {1,...,k}: ij € K}. Now, let
J={jn.jx} withji <j2 <... <jik|

be an enumeration of the elements of J and

¥ (1)
M= : e R™IKI
v (n)
where
axpT _
V) = yn\/%ek ifn € Kand n = ij, forax € {1,...,|K]|}
O‘TK| else

forn=1,...,n Then, |J]| = |K|and T’ W;/51Y 4 MZ for Z ~ d>g(u<|,p>. Thus, because of
(k)
rk(M) = |K]|, it follows
FX+b2 Tu+b)+TWiVS1Y, ¥~ by

d
=Tu+b+Mz, Z~ <Dg<u<\,p)
)

= AEC,, (ru + b, MM™, g3y "’”) .
Note that M can be extended to I' W 4/S; by adding k — |K| zero columns. Therefore,
MM® = (FWME) (FWM/ST)T — WS WT = I'DT,
and |K| = rk(M) = rk (MMT) = rk(I'DT"). Finally, this yields

S(IX +b) = AEC,,, (F ji+ b, TDL, g ”’)) .

Using this particular result, we prove the following more general one.

Lemma 5.6 Let X ~ AECn,p(/L,D,g(k'P)) with D = diag (di,...,d,) having nonnega-
tive diagonal elements and rank k > 0. Further, let be b € R" and I" = diag (y1,...,¥Yn) €

R"™*", Then,
_ (kr.,p)
S(TX + b) = AEC,, (rp, +5,TDT, g ) ,

where I'DI" = diag (ylzdl, A ynzd,,) and kr = rk(I'DI") > 0.

Proof of Lemma 5.6 Let k = 0, thatis X ~ AEC,,, (,u, Onxn,g(o'p)). Then, I'X + b follows

the Dirac distribution in 'zt + b. Using the exchangeability of g(®”) and g((gsp ), we have

STX + b) = AECup (T + b, 0, 8°7)

0,
= AEC,, (r 1+ B, T0pnl, g((o)w) .
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If D has positive rank and I" is assumed to satisfy kr = rk(I'DI") > 1, the assertion
coincides with the result of Lemma 5.5. Finally, let D have positive rank and I" be assumed
to satisfy kr = rk(I'DI") = 0 and I'DI" = 0,,x,, respectively. In Analogy to the proof
of Lemma 5.5 and using the same notations, the set K in (11) is empty. Then, |K| = 0,
' W14/S] consists only of zero columns, and, for ¥ ~ d>g(k,p> and every B € 8", we have

P(FWM/STY c B) — P(0, € B) = 15(0,).

Particularly, if B = {0,}, it follows that
P(FWMEY - on) - P(FWMEY c {on}) — 1.

Thus, T W14/S1Y = 0, P-a.s., and the stochastic representation I'X + b 2 Tup+b)+
I'Wi4/S1Y where Y ~ CDg(k,p) holds according to (1), yields

'X+b=Tu+>b P —as.

or, equivalently, §(I'X + b) = AEC,,,, (m 4 b, 0 g((ﬁ;”)). 0

Proof of Theorem 4.6 Letben € NandJ = {¢, ..., t,} an arbitrary subset of I. Moreover,
let Y; = y(O)X; + b(t), t € I, and Y = {Y;},¢;. Then, for ¥j = (Yy,...,Y;,)" and Xj =
T
(X4, ..., Xy,)", we have

Yy y () Xy, + b(t1)
v=| |- s =X+ b
Ytn V(tn)Xt,, + b(ty,)

where b = (b(t1),...,b(t,))" and " = diag (y(t1), ...,y (ty)). Since
k,
£(X)) = AEC,,, (M,D, géAfA)[;G)
where 1 = (m(ty),...,m(t,))T and D = diag (S(t1),...,S(t,)) with k = rk(D), making
use of Lemmata 4.3 and 5.5, it follows

k, (kr.p)
2(Y) = £(TX) + b) = AECy,y <Fu +5,TDT, (856 ) o, >

= AEG,, (T +b,TDgi)c)

Thus, AEC,, (F uw+b,T'Dl, géﬁ,?]\};)(;) is the fdd of Y corresponding to
Y;. Finally, because of T'w + b = ([ym+b](t),...,[ym+Db](t,)T and
I'DI = diag ([y2S] (t1)s ..., [¥*S] (tn)), we get

Y ~ SMAGP, (ym +b,y’S,G).

6 Discussion

In the present paper, first, kapec distributions are introduced and their properties such as
stochastic representations, moments, and density-like representations are studied. Sec-
ondly, based on the Kolmogorov existence theorem, the existence of random processes
having apec fdds with arbitrary location and scale functions and a consistent sequence of
dgs of p-generalized spherical distributions is shown. Particularly, a sequence of dgs of
scale mixtures of multivariate p-generalized Gaussian distributions with one and the same
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mixture distribution is consistent and the corresponding processes are p-generalizations
of elliptical random processes having axis-aligned fdds, see Yao (1973) and Kano (1994)
for the case of p = 2. Thirdly, the question is answered when an #-dimensional kapec
distribution with dg g®? is representable as a scale mixture of n-dimensional kapec
Gaussian distribution for a suitable mixture distribution of a positive random variable.
It is established that the complete monotony of the composition 4 of g% with the
pth root function is a necessary and sufficient condition for such representation and
that the inverse Laplace-Stieltjes transform of /4 is connected to the cdf of the mixture
distribution. For the particular case p = 2, the univariate consideration is covered by
Andrews and Mallows (1974) and the multivariate one by Lange and Sinsheimer (1993)

and Gémez-Sdnchez-Manzano et al. (2006), respectively.

7 Appendix 1: Further aspects of simulations

7.1 Algorithms to simulate apec distributions

The following two algorithms to simulate X ~ AEC,,, (1, D, g(k'f’)) are based on the two
stochastic representations of X, see Lemmata 2.1 and 2.4. In both cases, let X ~ gk
and use notations from “The class of n-dimensional rank-k-continuous axis-aligned

p-generalized elliptically contoured distributions” section.

Algorithm 1 1) Generation of a random vector L[ng) following the k-dimensional

p-generalized uniform distribution on Sk,

~ ~ ~ T
a) GenerateZ = (Zl, . ,Zk) following the k-dimensional p-generalized
Gaussian distribution by generating k independent and identically
univariate p-generalized Gaussian distributed random variables
Zy, .. Z.
15 * _ z
b)  ComputeR; = |Z|, and U," = ¢-.
VA

2)  Generate Ry having pdffp, (r) = wi,p rk=1g&D) (1) 119,50y (7), 7 € R, and being a
univariate random radius variable.
3) Computef( =Ry u;k) and X = u + WiV/S1X.

Algorithm 2 1) Generation of the random radius and angle variables according to
Lemma 2.4: Generate
a)  Rwithfr(r) = w, *1g%P) (r) Ljg00)(r), 7 € R,
wi ) = @keip (sin@)* ! A
b) v w1thfw,-(¢z) = i1y (Np(lﬁz‘))k_iﬂ I[[O,n)(wz): v € R, for
i=1,...,k=2

¢ Wi with fa_ (Vie1) = 5,0 o = Lioam (V1) Vi € R.

2)  ComputeX = SPHY (R, W1,..., ¥ 1) and X = p + Wi /SiX.

For the particular case of simulating X ~ SMAN,,, (i1, D, G) where the mixture cdf G is
explicitly known in a closed form, the following algorithm can be used. This is based on (8)
and Lemma 4.1 where X ~ SMN,(G) and notations from “The class of #-dimensional
rank-k-continuous axis-aligned p-generalized elliptically contoured distributions” section

are used.
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Algorithm 3 1) Generate Z = (Zl, .. ,Zk>T following the k-dimensional
p-generalized spherical Gaussian distribution by generating k independent and
identically univariate p-generalized Gaussian distributed random variables
Z1,... 7.

2)  Generate independently a univariate random variable V having cdf G.

- 1. -
3) ComputeX =V 7 -ZandX = pu+ W1/S1X.

7.2 Simulation of p-generalized Student as well as p-generalized Slash processes

According to the method described in “Simulation” section, but simulating a 201-
dimensional apec Student-z and Slash distributed random vector with the help of an
algorithms from Appendix 7.1 instead of 201 independent univariate p-generalized
Gaussian variables, we get approximates of trajectories of p-generalized Student-t and
p-generalized Slash processes having axis-aligned fdds. Particularly, approximate real-
izations of AStP,(0jo,1), 1[0,1},v) as well as of ASIP,(0j0,1),1j0,13,v) for v € {1,3,10}
and p = % and p = 3, respectively, are visualized in Figs. 4 and 5. Note that our
considerations are restricted to location function Ofg ] and scale function S = 1y
while the effects of varying location and scale functions are already shown in Fig. 3.
Furthermore, on the one hand, notice that the height of amplitudes of the realiza-
tions of AStP, ( 0,1 L[o,1], v ) and ASIP, (0[0,1], 10,115 v), respectively, increases if p > 0
decreases or v > 0 increases. On the other hand, the effects that scales of axes are
highly dependent on the specific realization of a trajectory of the process have to be

in mind, too.
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