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Abstract

A tolerance interval is a statistical interval that covers at least 100ρ% of the population
of interest with a 100(1 − α)% confidence, where ρ and α are pre-specified values in
(0, 1). In many scientific fields, such as pharmaceutical sciences, manufacturing
processes, clinical sciences, and environmental sciences, tolerance intervals are used
for statistical inference and quality control. Despite the usefulness of tolerance intervals,
the procedures to compute tolerance intervals are not commonly implemented in
statistical software packages. This paper aims to provide a comparative study of the
computational procedures for tolerance intervals in some commonly used statistical
software packages including JMP, Minitab, NCSS, Python, R, and SAS. On the other
hand, we also investigate the effect of misspecifying the underlying probability model
on the performance of tolerance intervals. We study the performance of tolerance
intervals when the assumed distribution is the same as the true underlying distribution
and when the assumed distribution is different from the true distribution via a Monte
Carlo simulation study. We also propose a robust model selection approach to obtain
tolerance intervals that are relatively insensitive to the model misspecification. We
show that the proposed robust model selection approach performs well when the
underlying distribution is unknown but candidate distributions are available.

Keywords: Cauchy distribution, Maximum likelihood, Model selection, Model
uncertainty

1 Introduction
There are three types of statistical intervals commonly used in practice: confidence inter-
val, prediction interval, and tolerance interval. Confidence intervals provide a range of
values that are likely to include the unknown parameter with a specified degree of confi-
dence, 100(1−α)%, based upon a random sample. A prediction interval is an interval, with
a specified degree of confidence, 100(1 − α)%, that the single future observation or mul-
tiple future observations from a population will fall between. A tolerance interval covers
at least a specified proportion, ρ (0 ≤ ρ ≤ 1), of the population with a specified degree of
confidence, 100(1 − α)% with 0 ≤ α ≤ 1 (Hahn and Meeker 1991). It can be interpreted
as we are 100(1− α)% confidence that at least 100ρ% of the population will be within the
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interval. This tolerance interval can be denoted as a [ 100(1 − α)%] /[ 100ρ%] tolerance
interval. For example, a quality engineer in a light bulb manufacturer needs to evaluate
light bulbs’ life spans. The engineer randomly collects a sample of 100 light bulbs and
reports the times to failure. The engineer wants to calculate a 95%/99% lower tolerance
bound, which is the burn time that at least 99% of all light bulbs exceed with 95% con-
fidence. Suppose the lower tolerance bound based on a normal distribution is 1085.947,
so the engineer can claim that at least 99% of all the light bulbs exceed approximately
1086 hours of burn time with 95% confidence (Minitab 18 Statistical Software 2017).
Tolerance intervals would be of particular interest in setting limits on the process capa-
bility for a product manufactured in large quantities (Hahn andMeeker 1991). Therefore,
the tolerance interval is widely used in statistical quality control.
Despite the usefulness of tolerance intervals, the computation of tolerance intervals

based on different distributional assumptions is not commonly implemented in statistical
software packages. We found that only a few commonly used statistical software pack-
ages, such as Minitab (Minitab 18 Statistical Software 2017), R (R Core Team 2020) and
SAS (SAS Institute Inc 2014), provides the computational procedures for tolerance inter-
vals. The objective of this paper is twofold. First, we aim to compare different commonly
used statistical software packages that offer computational procedures to compute toler-
ance intervals. Second, we evaluate the performance of tolerance intervals under model
uncertainty and propose a robust model selection approach to compute the tolerance
intervals.
The rest of this paper is organized as follows. In Section 2, we provide the notation

for tolerance intervals and introduce the computation procedures available in commonly
used statistical software packages. In Section 3, we evaluate the performance of toler-
ance intervals under model misspecification. In Section 4, we propose a model selection
approach when the underlying probability model is unknown but some candidate mod-
els are available. Finally, in Section 5, some concluding remarks and future research
directions are provided.

2 Tolerance interval and statistical models
2.1 Basics of tolerance intervals

Let X1, X2, . . ., Xn be a random sample of size n from a probability model with proba-
bility density function (PDF) f (x; θ) and cumulative distribution function (CDF) F(x; θ),
where θ is the vector of parameters. We denote the observed values of X1,X2, . . . ,Xn as
x1, x2, . . . , xn. In the case that the population mean μ and population standard deviation
σ are unknown, these parameters are estimated by using the sample mean and sample
standard deviation, x̄ = ∑n

i=1 xi/n and s =
√∑n

i=1(xi − x̄)2/(n − 1), respectively. For
example, for normally distributed data, a [ 100(1 − α)%] /[ 100ρ%] tolerance interval has
the form

x̄ ± ks,

where k is the tolerance factor, (1− α) ∈ (0, 1) is the confidence level and ρ ∈ (0, 1) is the
population proportion of interest. Usually, the exact value of k for given values of α and ρ

is not easy to compute (with the one-sided normal setting being an exception), therefore,
most tolerance intervals are calculated based on approximation methods (Young 2010).
We define
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C(L,U ; θ) = F(U ; θ) − F(L; θ) = Pr(L < X < U), U > L,

as the coverage of a two-sided interval [ L,U], where L andU are statistics computed from
the sample. Then, a [ 100(1 − α)%] /[ 100ρ%] two-sided tolerance interval [ L,U] satisfies

Pr[C(L,U ; θ) ≥ ρ]≥ 1 − α, (1)

Similarly, a [ 100(1 − α)%] /[ 100ρ%] upper one-sided tolerance interval [ L,∞] satisfies

Pr[ 1 − F(L; θ) ≥ ρ]≥ 1 − α, (2)

and a [ 100(1 − α)%] /[ 100ρ%] lower one-sided tolerance interval [−∞,U] satisfies

Pr[ F(U ; θ) ≥ ρ]≥ 1 − α. (3)

For specific values of α and ρ, the two-sided, upper one-sided, and lower one-sided tol-
erance intervals can be obtained by finding the values of L and U that satisfy Eqs. (1), (2),
and (3), respectively, for a specified underlying distribution.
To construct the tolerance interval, instead of assuming the data are coming from a

particular parametric model, one can obtain a nonparametric tolerance interval based on
order statistics (see, for example, Section 7.2 of David and Nagaraja (2003)). Specifically,
the upper and lower nonparametric [ 100(1 − α)%]/[100ρ%] tolerance limits are

L = xr:n and U = xs:n,

where xj:n is the j-th order statistic of the random sample x1, x2, . . . , xn and the values of
r and s (r < s) are chosen to satisfy Eq. (1) (Hahn and Meeker 1991; David and Nagaraja
2003).

2.2 Parametric tolerance intervals for some particular distributions

To illustrate the calculation of the tolerance intervals based on different distributions,
we consider four symmetric distributions with location and scale parameters: nor-
mal (Gaussian), Cauchy, logistic, and Laplace distributions; and three two-parameter
skewed (asymmetric) distributions with shape and scale parameters: gamma,Weibull, and
lognormal distributions. The functional form of these seven distributions and the corre-
sponding computational formulas for the tolerance intervals based on these distributions
are presented in the following. For more details of the computation of tolerance intervals
based on different distributions, one may refer to Young (2014).

(1) Normal distribution: The PDF and CDF of a normal distribution with location
parameter μN and scale parameter σN are, respectively,

fN (x;μN , σN ) = 1
σN

√
2π

exp
[

− (x − μN )2

2σ 2
N

]

(4)

and FN (x;μN , σN ) =
∫ x

−∞
1

σN
√
2π

exp
[

− (t − μN )2

2σ 2
N

]

dt, (5)

where −∞ < x < ∞, −∞ < μN < ∞ and σN > 0.
Based on a random sample of size n, X1,X2, . . . ,Xn, from the normal distribution
with PDF and CDF in Eqs. (4) and (5), respectively, suppose μ̂N and σ̂N are the
corresponding sample mean and sample standard deviation, then the lower and
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upper one-sided [ 100(1 − α)%]/[100ρ%] tolerance intervals are (−∞, LN ,1) and
(UN ,1,∞) with

LN ,1 = μ̂N − kN ,1,α,ρσ̂N and UN ,1 = μ̂N + kN ,1,α,ρσ̂N , (6)

where the tolerance factor kN ,1,α,ρ can be obtained as

kN ,1,α,ρ = 1√
n
t∗n−1;1−α(

√
nzρ),

with t∗d;p(ω) is the p-th upper percentile of a non-central Student’s t-distribution
with d degrees of freedom and non-centrality parameter ω, and zp is the p-th upper
percentile of the standard normal distribution. Note that the one-sided tolerance
interval with tolerance factor kN ,1,α,ρ is an exact interval.
A two-sided [100(1 − α)%]/[100ρ%] tolerance interval under normal distribution,
(LN ,2,UN ,2), is

LN ,2 = μ̂N − kN ,2,α,ρσ̂N and UN ,2 = μ̂N + kN ,2,α,ρσ̂N , (7)

where kN ,2 can be obtained as Hoew (1969) (see also, Guenther (2007))

kN ,2,α,ρ =
(
z 1+ρ

2

√
1 + n−1

)
√

n − 1
χ2
n−1;α

√

1 + n − 3 − χ2
n−1;α

2(n + 1)2
,

and χ2
d;p is the p-th upper percentile of the chi-square distribution with d degrees of

freedom. Note that the two-sided tolerance interval with tolerance factor kN ,2,α,ρ is
an approximation. For the other ways to approximate the tolerance factor, one can
refer to Section 2.3 of Krishnamoorthy and Mathew (2009).

(2) Cauchy distribution: The PDF and CDF of a Cauchy distribution with location
parameter μC and scale parameter σC are, respectively,

fC(x;μC , σC) = 1
πσC

[
σ 2
C

(x − μC)2 + σ 2
C

]

(8)

and FC(x;μC , σC) =
∫ x

−∞
1

πσC

[
σ 2
C

(t − μC)2 + σ 2
C

]

dt, (9)

where −∞ < x < ∞, −∞ < μC < ∞ and σC > 0.
Based on a random sample of size n, X1,X2, . . . ,Xn, from the Cauchy distribution with
PDF and CDF in Eqs. (8) and (9), respectively, suppose μ̂C and σ̂C are the maximum
likelihood estimates of μC and σC , respectively, then the lower and upper one-sided
[100(1 − α)%]/[100ρ%] tolerance intervals are (−∞, LC,1) and (UC,1,∞) with

LC,1 = μ̂C − kC,α,ρσ̂C and UC,1 = μ̂C + kC,α,ρσ̂C ,

where kC,α,ρ is defined as

kC,α,ρ = z1−α√
n

√
2 + 2[ F−1

C (1 − ρ;μC = 0, σC = 1)]2

−F−1
C (1 − ρ;μC = 0, σC = 1),

with F−1
C (p;μC = 0, σC = 1) = 1

π(p2+1) , p ∈ (0, 1). An approximate two-sided
[100(1- α)%]/[100ρ%] tolerance interval, (LC,2,UC,2), is given by

LC,2 = μ̂C − kC,α/2,ρ/2σ̂C and UC,2 = μ̂C + kC,α/2,ρ/2σ̂C .
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(3) Logistic distribution: The PDF and CDF of a logistic distribution with location
parameter μL and scale parameter σL are, respectively,

fL(x;μL, σL) =
exp

[
− x−μL

σL

]

σL
[
1 + exp

(
− x−μL

σL

)]2 , (10)

and FL(x;μL, σL) = 1

1 + exp
(
− x−μL

σL

) , (11)

where −∞ < x < ∞, −∞ < μL < ∞ and σL > 0.
Based on a random sample of size n, X1,X2, . . . ,Xn, from the logistic distribution with
PDF and CDF in Eqs. (10) and (11), respectively, suppose μ̂L and σ̂L are the maximum
likelihood estimates of μL and σL, respectively, then the lower and upper one-sided
[ 100(1 − α)%] /[ 100ρ%] tolerance intervals are (−∞, LL,1) and (UL,1,∞) with

LL,1 = μ̂L − kL,1,α,ρσ̂L and UL,1 = μ̂L + kL,2,α,ρσ̂L,

where kL,1,α,ρ and kL,2,α,ρ can be obtained as

kL,1,α,ρ ≈
t1,α,ρ +

√
t21,α,ρ − uα,ρvα

vα

,

kL,2,α,ρ ≈
t2,α,ρ +

√
t22,α,ρ − uα,ρvα

vα

,

and

t1,α,ρ = F−1
L (ρ;μ = 0, σ = 1) − σ̂12z21−α ,

t2,α,ρ = F−1
L (ρ;μ = 0, σ = 1) + σ̂12z21−α ,

uα,ρ = [ F−1
L (ρ;μ = 0, σ = 1)]2 −σ̂ 2

1 z
2
1−α ,

vα = 1 − σ̂ 2
2 z

2
1−α ,

F−1
L (p;μL = 0, σL = 1) = ln[ p/(1− p)], p ∈ (0, 1), σ̂ 2

1 and σ̂ 2
2 are the variances of μ̂L

and σ̂L, respectively, and σ̂12 is the covariance of μ̂L and σ̂L.
An approximate two-sided [100(1 − α)%]/[100ρ%] tolerance interval, (LL,2,UL,2), is
given by

LL,2 = μ̂L − kL,1,α/2,(ρ+1)/2σ̂L and UL,2 = μ̂L + kL,2,α/2,(ρ+1)/2σ̂L.

Note that tolerance intervals under logistic distribution cannot be calculated if
t21,α,ρ − uα,ρvα < 0 or t22,α,ρ − uα,ρvα < 0.

(4) Laplace distribution: The PDF and CDF of a logistic distribution with location
parameter μP and scale parameter σP are, respectively,

fP(x;μP, σP) =
exp

(
−|x−μP|

σP

)

2σP
, (12)

and FP(x;μP, σP) =
⎧
⎨

⎩

1
2 exp

(
x−μP

σP

)
if x ≤ μ,

1 − 1
2 exp

(
− x−μP

σP

)
if x > μ,

(13)

where −∞ < x < ∞, −∞ < μP < ∞ and σP > 0.
Based on a random sample of size n, X1,X2, . . . ,Xn, from the Laplace distribution,
suppose μ̂P and σ̂P are the maximum likelihood estimates of μP and σP , respectively,
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the lower and upper one-sided [100(1 − α)%]/[100ρ%] tolerance intervals are
(−∞, LP,1) and (UP,1,∞) with

LP,1 = μ̂P − kP,α,ρσ̂P and UP,1 = μ̂P + kP,α,ρσ̂P ,

where

kP,α,ρ ≈ −n ln[ 2(1 − ρ)]+ z1−α

n − z21−α

√
n(1+[ ln[ 2(1 − ρ)]2 ) − z21−α .

An approximate two-sided [100(1 − α)%]/[100ρ%] tolerance interval, (LP,2,UP,2), is
given by

LP,2 = μ̂P − kP,1,α/2,(ρ+1)/2σ̂P and UP,2 = μ̂P + kP,2,α/2,(ρ+1)/2σ̂P .

(5) Gamma distribution: The PDF and CDF of the gamma distribution with parameters
θG and βG are, respectively,

fG(x; θG,βG) = xθG−1 exp (−x/βG)

β
θG
G 
(θG)

(14)

and

FG(x; θG,βG) =
∫ x

0

tθG−1 exp (−t/βG)

β
θG
G 
(θG)

dt, (15)

where x > 0, θG > 0 is the shape parameter, βG > 0 is the scale parameter, and

(a) = ∫ ∞

0 ta−1e−zdt is the gamma function.
For gamma distribution, the tolerance intervals can be obtained through the normal
tolerance interval by considering a transformation of random variable
(Krishnamoorthy et al. 2008). Suppose X is a gamma random variable with PDF and
CDF in Eqs. (14) and (15), then X1/3 can be approximated by a normal distribution
with mean μN and variance σ 2

N defined as

μN = β
1/3
G 
(θG + 1/3)


(θG)
and σ 2

N = β
2/3
G 
(θG + 2/3)


(θG)
− μ2

N . (16)

Based on a random sample X1,X2, . . . ,Xn from gamma distribution, we first obtain
the maximum likelihood estimates of the parameters θG and βG, denoted as θ̂G and
β̂G, respectively. Then, we substitute θG and βG by θ̂G and β̂G into Eq. (16) to obtain
μ̂N and σ̂ 2

N . After that, the one-sided and two-sided tolerance intervals for normal
distribution (the upper and lower limits are denoted as LN and UN , respectively) can
be obtained from Eqs. (6) and (7), respectively, based on μ̂N and σ̂ 2

N . The lower and
upper [ 100(1 − α)%] /[ 100ρ%] tolerance limits based on gamma distribution can be
obtained as

LG = L3N and UG = U3
N .

(6) Weibull distribution: The PDF and CDF of the Weibull distribution with parameters
βW and θW are, respectively,

fW (x;βW , θW ) = θW
βW

(
x

βW

)θW−1
exp

[

−
(

x
βW

)θW
]

(17)

and

FW (x;βW , θW ) = 1 − exp
[

−
(

x
βW

)θW
]

, (18)
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where x > 0, θW > 0 is the shape parameter and βW > 0 is the scale parameter.
Based on a random sample X1,X2, . . . ,Xn fromWeibull distribution, we first obtain
the maximum likelihood estimates of the parameters θW and βW , denoted as θ̂W and
β̂W , respectively. Then, the lower and upper one-sided [ 100(1 − α)%] /[ 100ρ%]
tolerance intervals can be obtained as:

LW = exp
[

ln(θ̂W ) − β̂−1
W t∗n−1;α

(−√
nλρ

)

√
n − 1

]

UW = exp
[

ln(θ̂W ) − β̂−1
W t∗n−1;1−α

(−√
nλ1−ρ

)

√
n − 1

]

,

where λρ = ln(− ln(ρ)). A two-sided tolerance interval based on Weibull
distribution can be obtained by replacing α by α/2 and ρ by (ρ + 1)/2 in the above
formulas for computing LW and UW .

(7) Lognormal distribution: The PDF and CDF of the lognormal distribution with
parameters μLN and σLN are, respectively,

fLN (x;μLN , σLN ) = 1
xσLN

√
2π

exp
[

− (ln x − μLN )2

2σ 2
LN

]

, (19)

and

FLN (x;μLN , σLN ) =
∫ x

−0

1
tσLN

√
2π

exp
[

− (ln t − μLN )2

2σ 2
LN

]

dt, (20)

where x > 0, σLN is the shape parameter (and is the standard deviation of the log of
the distribution), μLN ∈ (−∞,∞) is the scale parameter (and is also the median of
the distribution).
Based on a random sample X1,X2, . . . ,Xn from lognormal distribution, we can obtain
the maximum likelihood estimates of the parameters μLN and σLN , denoted as μ̂LN
and σ̂LN , respectively. Then, the one-sided and two-sided tolerance intervals for
normal distribution (the upper and lower limits are denoted as LN and UN ,
respectively) can be obtained from Eqs. (6) and (7), respectively, based on μ̂LN and
σ̂ 2
LN . The tolerance intervals based on lognomral distribution can be computed using

the fact that Y = lnX follows a normal distribution if X follows a lognormal
distribution, i.e., the lower and upper [ 100(1 − α)%] /[ 100ρ%] tolerance limits based
on lognormal distribution can be obtained as

LLN = exp(LN ) and ULN = exp(UN ).

3 Statistical software packages for tolerance intervals
3.1 Available statistical software packages

There are several statistical software packages that can provide the computation of
tolerance intervals. In this subsection, we discuss several commonly used statistical soft-
ware packages, including JMP (JMP Version 16, 2021), Minitab (Minitab 18 Statistical
Software, 2017), NCSS (NCSS 2021 Statistical Software, 2021), Python (Python Core
Team, 2015), R (R Core Team, 2020), and SAS (SAS Institute Inc, 2014), that provide
computational procedures to calculate tolerance intervals based on various distributions.
All these six software packages discussed here provide computational procedures of

tolerance intervals for normal distribution and nonparametric tolerance intervals. In
R (R Core Team, 2020), the package tolerance (Young 2010; 2014) provides the
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computational procedures of tolerance intervals for more than 20 different distributions.
Minitab (Minitab 18 Statistical Software 2017) provides the computation of tolerance
intervals for 10 different distributions under the “Quality Tools". In Python (2015),
toleranceinterval package provides the computation of nonparametric tolerance
interval and parametric tolerance intervals for normal and lognormal distributions. The
SAS Institute Inc (2014) procedure PROC CAPABILITY provides tolerance intervals
for normal distribution and nonparametric distribution. The statistical distributions and
procedures available in JMP, Minitab, NCSS, Python, and R, are summarized in Table 1.

3.2 Comparisons of different software packages

In comparing those six statistical software packages considered here, Python, SAS, JMP,
and NCSS have very limited capability in computing tolerance intervals. The R package
tolerance is the most comprehensive software package for computing tolerance inter-
vals. Identical methods were implemented across different software packages for some
distributions, yet different software packages use different formulas for other distribu-
tions. For instance, for one-sided tolerance intervals based on normal distribution, the
formulas that are used in JMP, Minitab, NCSS, Python, and SAS are equivalent to the
R function normtol.int in the tolerance package with the ‘EXACT’ method (i.e.,
method = ‘EXACT’). For two-sided tolerance intervals based on normal distribution,
the formulas that are used in JMP, Minitab and SAS are equivalent to the R function
normtol.int in the tolerance package with the ‘EXACT’ method (i.e., method
= ‘EXACT’), while the formulas that are used in NCSS and Python are equivalent to
the R function normtol.int in the tolerance package with the ‘HE’ method (i.e.,
method = ‘HE’). For nonparametric tolerance intervals, Minitab, NCSS and SAS use
the procedure corresponding to the R function nptol.int in the tolerance pack-
age with the ‘WILK’ method (i.e., method = “WILK”), while JMP and Python use the
procedure corresponding to the R function nptol.int in the tolerance package

Table 1 Procedures available in commonly used statistical software packages

R† Minitab Python SAS, JMP, NCSS

Normal Normal Normal Normal

Nonparametric (Continuous) Nonparametric (Continuous) Nonparametric
(Continuous)

Nonparametric
(Continuous)

Lognormal Lognormal Lognormal

Gamma Gamma (Approximate)

Exponential Exponential

Smallest extreme value Smallest extreme value

Weibull Weibull

Largest extreme value Largest extreme value

Logistic Logistic

Loglogistic Loglogistic

Binomial

Poisson

Cauchy

Laplace

Uniform

Bayesian

† R has the procedures to compute the tolerance intervals for more than 20 statistical distributions, we only provide some
commonly used statistical distributions here
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with the ‘HM’ method, i.e., method = “HM”). For lognormal distribution, the for-
mula used in Minitab corresponds to the R function normtol.int in the tolerance
package with the ‘EXACT’ method and setting log.norm = TRUE (i.e., method =

“EXACT”, log.norm = T), while Python obtains the tolerance intervals based on
log-transformation of the tolerance intervals for normal distribution. For the other dis-
tributions, however, Minitab and R use different computational formulas to obtain the
tolerance intervals. The corresponding references for the formulas used in different soft-
ware and the equivalence of the resulting tolerance intervals obtained from different
software (grouping in parentheses) are summarized in Table 2.

4 Effect of model misspecification on tolerance intervals
4.1 Monte Carlo simulation studies

In this section, Monte Carlo simulation studies are used to evaluate the performance of
tolerance intervals under different distributions in terms of the empirical confidence lev-
els and population proportions of interest. Specifically, we evaluate the performance of
tolerance intervals by assessing the closeness of the empirical probability Pr[C(L,U ; θ)]
to ρ and the empirical probability 1−Pr[C(L,U ; θ) ≥ ρ] to α. We consider the cases that
the assumed distribution is the same as the true underlying distribution and the assumed
distribution is different from the true underlying distribution. In this simulation study, we
generate random samples of size n from the statistical distributions F and compute the
one- and two-sided tolerance intervals based on the distributionG, i.e, F is the true under-
lying distribution andG is the assumed distribution. As the true underlying distribution is
usually unknown and not specified in practice, we compare the coverage of the tolerance
interval to determine the robustness of the tolerance interval for different distributions.
Here, we consider a simulation study for symmetric distributions (normal, Cauchy,

logistic, and Laplace distributions) and a simulation study for skewed distributions
(gamma, Weibull, and lognormal distributions). For symmetric distributions, we con-
sider the standard distributions by setting the location parameter to be 0 and the scale
parameter to be 1. For skewed distributions, we consider the parameter settings based on
the parameter estimates in a real data example presented in Section 6.2 (see, Table 25).
Specifically, the following procedure is used in the Monte Carlo simulation study to
evaluate the performance of the tolerance intervals for fixed values of α and ρ:

(i) Generate a random sample of size n, (x1, x2, . . . , xn), from the true underlying
distribution F ;

(ii) Compute the tolerance interval using the sample (x1, x2, . . . , xn) based on the
assumed distribution G. The tolerance interval obtained in the h-th simulation is
denoted as [ L(h),U(h)];

(iii) Obtain the probability that the random variable follows distribution F falls in
between the upper and lower limits, i.e., C(L(h),U(h)) = F(U(h)) − F(L(h));

(iv) If C(L(h),U(h)) ≥ ρ, set δ(h) = 1, otherwise δ(h) = 0;
(v) Repeat Steps (i) – (iv) M times to obtain C(L(h),U(h)) and δ(h) for h = 1, 2, . . . ,M.

The simulation results are based on M = 10000 except for the normal tolerance inter-
vals in R with ‘EXACT’ and ‘OCT’ methods due to the long computation time of these
exact procedures in which M = 1000 is used. For each setting, the following quantities
are computed for comparison purposes:
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(1) α̂ = 1 −
∑M

h=1 δ(h)

M ;

(2) ρ̂ =
∑M

h=1 C(L(h),U(h))
M ;

(3) ŝ =
√

∑M
h=1(C(L(h),U(h))−ρ̂)2

M−1 .

We consider n = 10, 25, 50 and 100, α = 0.01, 0.05, 0.1 and 0.2, and ρ = 0.9, 0.95, 0.99
and 0.995 in both the simulation studies for symmetric distributions and skewed distri-
butions. If the tolerance intervals are performed as expected, the value of the α̂ should
be close to the corresponding α with a smaller value of α̂ is preferred, and the value
of ρ̂ should be close to the corresponding ρ with larger value of ρ̂ is preferred. More-
over, the tolerance interval that gives smaller value of ŝ is preferred. To make it easier
to assess the performance of different tolerance intervals and to take into account the
Monte Carlo simulation errors, in the tables for those simulation results, we highlight
those values of α̂ within ±2

√
α(1 − α)/M and those values of ρ̂ within ±2

√
ρ(1 − ρ)/M

in bold.

4.2 Simulation results and discussions

The simulation results under different settings when the assumed distribution is the same
as the underlying distribution (i.e., F = G) are presented in Tables 3, 4, 5, 6, 7, 8 and
9. When the assumed distribution and the true underlying distribution are the same, we
would expect the value of α̂ should be close to α and the value of ρ̂ should be close to ρ.
However, we observe from Tables 3, 4, 5, 6, 7, 8 and 9 that when the sample size n is small,
α̂ can be larger than α under the correct model assumption. For example, in Table 4, when
the underlying distribution is Cauchy with PDF and CDF in Eqs. (8) and (9), α = 0.05,
ρ = 0.9 and n = 10, the value of α̂ is 0.1500. For moderate to large sample sizes (i.e.,
n = 50 and n = 100), the values of α̂ are close or even smaller than the values of α in
most cases. For the values of ρ̂, we observe that the values of ρ̂ are always greater than ρ

under the correct model assumption. For the standard deviation ŝ, the value decreases as
the sample size n increases.
For the sake of saving space, we only present some representative simulation results

under different settings when the assumed distribution is different from the underly-
ing distribution (i.e., F 	= G) in Tables 10, 11, 12 and 13, and the simulation results for
other settings are presented in the Appendix (Tables 26–38). From Tables 10 and 11, we
observe that the tolerance intervals computed under Cauchy and logistic distributions
are robust to model misspecification when the true underlying distribution is normal. In
Tables 10, 11, 12 and 13, the values of α̂ are less than or equal to α and the values of ρ̂

are larger than ρ. However, the simulation results show that when the tolerance intervals
are not robust under model misspecification in general. In Table 12, when the underlying
true distribution is Cauchy (F : Cauchy) and the tolerance intervals are computed based
on assuming normal distribution (G: Normal), the performance of tolerance intervals may
not be satisfactory in terms of the closeness of α̂ and ρ̂ to α and ρ, respectively. For exam-
ple, in Table 12, when ρ = 0.99, α = 0.1 and n = 50, the value of α̂ is 0.7921, which is much
larger than the desired level α = 0.1 and the value of ρ̂ is 0.9696, which is smaller than the
specific proportion ρ = 0.99. Similar observations are obtained based on the results pre-
sented in Table 13 and Tables 26–38 in the Appendix for both symmetric and asymmetric
distributions.
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Table 3 Performance of tolerance intervals based on normal distribution when the true distribution
is normal (F = G: Normal)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0112 0.0109 0.0107 0.0115 0.0108 0.0107 0.0106 0.0115

ρ̂ 0.9926 0.9784 0.9629 0.9480 0.9973 0.9926 0.9862 0.9789

ŝ 0.0206 0.0209 0.0200 0.0171 0.0111 0.0103 0.0104 0.0095

α = 0.05 α̂ 0.0519 0.0506 0.0515 0.0546 0.0514 0.0501 0.0513 0.0546

ρ̂ 0.9765 0.9602 0.9465 0.9347 0.9898 0.9839 0.9775 0.9714

ŝ 0.0403 0.0306 0.0250 0.0196 0.0248 0.0173 0.0145 0.0117

α = 0.1 α̂ 0.0995 0.0991 0.1010 0.1044 0.0983 0.0984 0.1009 0.1043

ρ̂ 0.9620 0.9478 0.9365 0.9271 0.9822 0.9773 0.9719 0.9668

ŝ 0.0527 0.0358 0.0276 0.0208 0.0345 0.0217 0.0168 0.0129

α = 0.2 α̂ 0.1960 0.1951 0.2049 0.2011 0.1936 0.1940 0.2047 0.2009

ρ̂ 0.9385 0.9306 0.9234 0.9174 0.9684 0.9672 0.9639 0.9608

ŝ 0.0679 0.0420 0.0306 0.0223 0.0477 0.0272 0.0197 0.0144

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0105 0.0103 0.0106 0.0115 0.0104 0.0103 0.0105 0.0115

ρ̂ 0.9996 0.9992 0.9985 0.9973 0.9998 0.9997 0.9994 0.9989

ŝ 0.0035 0.0022 0.0021 0.0021 0.0023 0.0012 0.0011 0.0010

α = 0.05 α̂ 0.0492 0.0495 0.0509 0.0544 0.0486 0.0491 0.0509 0.0544

ρ̂ 0.9979 0.9977 0.9968 0.9956 0.9988 0.9989 0.9985 0.9980

ŝ 0.0096 0.0047 0.0037 0.0030 0.0068 0.0028 0.0020 0.0016

α = 0.1 α̂ 0.0963 0.0977 0.1003 0.1040 0.0957 0.0970 0.1000 0.1038

ρ̂ 0.9957 0.9961 0.9954 0.9945 0.9974 0.9981 0.9978 0.9974

ŝ 0.0147 0.0066 0.0047 0.0036 0.0108 0.0041 0.0027 0.0020

α = 0.2 α̂ 0.1905 0.1920 0.2040 0.2006 0.1895 0.1915 0.2036 0.2005

ρ̂ 0.9912 0.9934 0.9933 0.9928 0.9945 0.9965 0.9967 0.9965

ŝ 0.0227 0.0095 0.0062 0.0044 0.0172 0.0062 0.0037 0.0025

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M

Based on the simulation results in this section, when the true distribution is different
from the assumed distribution, the parametric tolerance intervals can be sensitive to the
model misspecification and the performance of the tolerance intervals can be problem-
atic in terms of the covering proportion ρ and the degree of confidence α. Hence, it is
desired to develop an appropriate approach to compute the tolerance interval when the
true underlying distribution is unknown. To address the issue of model uncertainty in
practice, one plausible solution is using the nonparametric tolerance interval which does
not require a distributional assumption. From a simulation study for the performance of
nonparametric tolerance interval under the four symmetric distributions considered here
(results are presented in the Appendix, Tables 39–42), the nonparametric tolerance inter-
vals do not perform as well as the parametric tolerance intervals computed under the
correct distributional assumption, i.e., G = F , and the values of α̂ and ρ̂ can be far from
the pre-specified values. For the aforementioned reasons, we propose a model selection
approach when there are potential candidate distributions under consideration.

5 Proposedmodel selection approach
5.1 Model selection based onmaximum likelihood

In this section, we propose a simple model selection approach based on the maximum
likelihood for the construction of tolerance intervals under model uncertainty in order
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Table 4 Performance of tolerance intervals based on Cauchy distribution when the true distribution
is Cauchy (F = G: Cauchy)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0980 0.0416 0.0278 0.0161 0.0988 0.0423 0.0291 0.0169

ρ̂ 0.9405 0.9369 0.9311 0.9251 0.9702 0.9685 0.9656 0.9626

ŝ 0.0326 0.0188 0.0142 0.0107 0.0166 0.0095 0.0072 0.0054

α = 0.05 α̂ 0.1500 0.0885 0.0650 0.0495 0.1498 0.0901 0.0658 0.0511

ρ̂ 0.9317 0.9299 0.9250 0.9200 0.9658 0.9649 0.9625 0.9600

ŝ 0.0372 0.0209 0.0155 0.0114 0.0190 0.0105 0.0078 0.0057

α = 0.1 α̂ 0.1868 0.1226 0.0967 0.0814 0.1871 0.1237 0.0975 0.0833

ρ̂ 0.9262 0.9256 0.9215 0.9171 0.9630 0.9628 0.9607 0.9586

ŝ 0.0400 0.0222 0.0162 0.0118 0.0205 0.0112 0.0082 0.0059

α = 0.2 α̂ 0.2423 0.1779 0.1517 0.1381 0.2425 0.1797 0.1529 0.1394

ρ̂ 0.9187 0.9200 0.9169 0.9135 0.9592 0.9600 0.9585 0.9567

ŝ 0.0439 0.0238 0.0171 0.0123 0.0225 0.0120 0.0086 0.0062

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0989 0.0423 0.0293 0.0170 0.0989 0.0423 0.0293 0.0170

ρ̂ 0.9940 0.9937 0.9931 0.9925 0.9970 0.9968 0.9966 0.9963

ŝ 0.0033 0.0019 0.0014 0.0011 0.0017 0.0010 0.0007 0.0005

α = 0.05 α̂ 0.1502 0.0902 0.0661 0.0515 0.1502 0.0902 0.0661 0.0516

ρ̂ 0.9932 0.9930 0.9925 0.9920 0.9966 0.9965 0.9963 0.9960

ŝ 0.0038 0.0021 0.0016 0.0012 0.0019 0.0011 0.0008 0.0006

α = 0.1 α̂ 0.1870 0.1247 0.0977 0.0839 0.1870 0.1248 0.0977 0.0839

ρ̂ 0.9926 0.9926 0.9921 0.9917 0.9963 0.9963 0.9961 0.9959

ŝ 0.0041 0.0022 0.0016 0.0012 0.0021 0.0011 0.0008 0.0006

α = 0.2 α̂ 0.2427 0.1800 0.1533 0.1403 0.2426 0.1800 0.1533 0.1403

ρ̂ 0.9918 0.9920 0.9917 0.9914 0.9959 0.9960 0.9958 0.9957

ŝ 0.0046 0.0024 0.0017 0.0012 0.0023 0.0012 0.0009 0.0006

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M

to reduce the negative effect of model misspecification. We calculate the maximum like-
lihood of each candidate distribution and choose the distribution that has the largest
likelihood. In other words, we are choosing a distribution that is most likely to be the
true distribution when the true distribution is unknown. Then, we calculate the tolerance
interval based on the selected distribution. The proposed model selection approach is
summarized as follows:

(1) Based on the random sample x1, x2, . . . , xn, compute the values of maximum
log-likelihood for each of the candidate distributions. For example, for the four
symmetric distributions considered here, we have the value of maximum
log-likelihood based on normal distribution

LN =
n∑

i=1
ln

{
1

σN
√
2π

exp
[

− (xi − μN )2

2σ 2
N

]}

, (21)

the value of maximum log-likelihood based on Cauchy distribution

LC =
n∑

i=1
ln

{
1

πσC

[
σ 2
C

(xi − μC)2 + σ 2
C

]}

, (22)
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Table 5 Performance of tolerance intervals based on Laplace distribution when the true distribution
is Laplace (F = G: Laplace)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0001 0.0009 0.0017 0.0022 0.0001 0.0010 0.0021 0.0025

ρ̂ 0.9995 0.9867 0.9706 0.9543 0.9999 0.9957 0.9890 0.9811

ŝ 0.0024 0.0128 0.0151 0.0145 0.0009 0.0057 0.0074 0.0078

α = 0.05 α̂ 0.0089 0.0158 0.0153 0.0174 0.0090 0.0172 0.0175 0.0191

ρ̂ 0.9887 0.9698 0.9552 0.9418 0.9958 0.9881 0.9813 0.9744

ŝ 0.0199 0.0227 0.0200 0.0170 0.0102 0.0119 0.0110 0.0097

α = 0.1 α̂ 0.0409 0.0436 0.0398 0.0423 0.0414 0.0459 0.0427 0.0470

ρ̂ 0.9753 0.9586 0.9463 0.9350 0.9896 0.9825 0.9765 0.9706

ŝ 0.0332 0.0279 0.0225 0.0183 0.0189 0.0156 0.0129 0.0107

α = 0.2 α̂ 0.1219 0.1050 0.0911 0.0985 0.1225 0.1081 0.0952 0.1047

ρ̂ 0.9538 0.9440 0.9353 0.9268 0.9781 0.9745 0.9703 0.9658

ŝ 0.0492 0.0338 0.0253 0.0196 0.0307 0.0202 0.0152 0.0119

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0001 0.0011 0.0022 0.0029 0.0001 0.0011 0.0023 0.0030

ρ̂ 1.0000 0.9996 0.9988 0.9975 1.0000 0.9999 0.9995 0.9990

ŝ 0.0002 0.0009 0.0013 0.0016 0.0001 0.0004 0.0006 0.0008

α = 0.05 α̂ 0.0094 0.0178 0.0182 0.0212 0.0094 0.0178 0.0182 0.0221

ρ̂ 0.9995 0.9985 0.9974 0.9961 0.9997 0.9993 0.9989 0.9983

ŝ 0.0027 0.0026 0.0025 0.0023 0.0016 0.0014 0.0013 0.0012

α = 0.1 α̂ 0.0420 0.0471 0.0447 0.0500 0.0423 0.0473 0.0448 0.0512

ρ̂ 0.9982 0.9974 0.9964 0.9952 0.9991 0.9988 0.9984 0.9978

ŝ 0.0058 0.0039 0.0032 0.0027 0.0037 0.0022 0.0017 0.0015

α = 0.2 α̂ 0.1222 0.1113 0.0994 0.1091 0.1218 0.1120 0.1003 0.1101

ρ̂ 0.9954 0.9955 0.9950 0.9941 0.9975 0.9978 0.9976 0.9972

ŝ 0.0109 0.0058 0.0041 0.0032 0.0073 0.0034 0.0023 0.0018

the value of maximum log-likelihood based on logistic distribution

LL =
n∑

i=1
ln

⎧
⎨

⎩

exp
[
(− xi−μL

σL
)
]

σL(1 + exp
[
− xi−μL

σL

]
)2

⎫
⎬

⎭
, (23)

and the value of maximum log-likelihood based on Laplace distribution

LP =
n∑

i=1
ln

⎡

⎣
exp

(
−|xi−μP|

σP

)

2σP

⎤

⎦ . (24)

The maximum log-likelihood based on the asymmetric distributions considered here
can be computed in a similar manner.

(2) Select the distribution that gives the largest value of the maximum log-likelihood as
the assumed distribution G and compute the tolerance interval based on distribution
G.

Since the candidate models considered here have the same number of parameters,
therefore, we use the values of the maximum likelihood for model selection. When the
candidate models have a different number of parameters, some model selection crite-
ria that penalize the model for having more parameters such as the Akaike’s information
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Table 6 Performance of tolerance intervals based on logistic distribution when the true distribution
is logistic (F = G: Logistic)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0750 0.0139 0.0067 0.0021 0.0820 0.0182 0.0101 0.0037

ρ̂ 0.9231 0.9842 0.9761 0.9647 0.9306 0.9927 0.9894 0.9842

ŝ 0.3410 0.0231 0.0194 0.0160 0.3409 0.0132 0.0105 0.0087

α = 0.05 α̂ 0.0980 0.0348 0.0235 0.0116 0.1114 0.0454 0.0321 0.0194

ρ̂ 0.9657 0.9719 0.9633 0.9526 0.9789 0.9865 0.9830 0.9780

ŝ 0.0914 0.0309 0.0242 0.0185 0.0801 0.0182 0.0137 0.0105

α = 0.1 α̂ 0.1335 0.0589 0.0420 0.0268 0.1473 0.0745 0.0544 0.0363

ρ̂ 0.9576 0.9631 0.9551 0.9453 0.9749 0.9819 0.9787 0.9742

ŝ 0.0764 0.0351 0.0266 0.0197 0.0584 0.0212 0.0155 0.0114

α = 0.2 α̂ 0.1893 0.1064 0.0809 0.0585 0.2051 0.1273 0.0993 0.0771

ρ̂ 0.9430 0.9505 0.9440 0.9361 0.9663 0.9751 0.9728 0.9692

ŝ 0.0799 0.0401 0.0293 0.0210 0.0580 0.0249 0.0176 0.0125

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.1019 0.0250 0.0162 0.0075 0.1038 0.0266 0.0183 0.0096

ρ̂ 0.9329 0.9987 0.9983 0.9975 0.9342 0.9993 0.9992 0.9989

ŝ 0.3502 0.0038 0.0025 0.0020 0.3502 0.0023 0.0013 0.0010

α = 0.05 α̂ 0.1238 0.0587 0.0456 0.0304 0.1271 0.0628 0.0488 0.0329

ρ̂ 0.9916 0.9974 0.9970 0.9962 0.9938 0.9987 0.9986 0.9982

ŝ 0.0698 0.0055 0.0035 0.0026 0.0683 0.0034 0.0020 0.0014

α = 0.1 α̂ 0.1630 0.0927 0.0733 0.0530 0.1668 0.0970 0.0778 0.0588

ρ̂ 0.9915 0.9963 0.9961 0.9954 0.9944 0.9981 0.9981 0.9978

ŝ 0.0378 0.0066 0.0042 0.0029 0.0340 0.0041 0.0024 0.0016

α = 0.2 α̂ 0.2221 0.1518 0.1258 0.1063 0.2264 0.1571 0.1318 0.1138

ρ̂ 0.9890 0.9947 0.9948 0.9943 0.9930 0.9972 0.9974 0.9972

ŝ 0.0287 0.0081 0.0050 0.0034 0.0216 0.0050 0.0029 0.0019

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M

criterion (AIC) and the Bayesian information criterion (BIC) can be utilized for model
selection.

5.2 Monte Carlo simulation study

In this subsection, we perform a simulation study as described in Section 4 to compute
the values of α̂, ρ̂ and ŝ based on the proposed model selection approach using maxi-
mum likelihood. For symmetric distributions, we consider the normal, Cauchy, logistic,
and Laplace distributions as the candidate distributions. For skewed distributions, we
consider the gamma,Weibull, and lognormal distributions as the candidate distributions.
The simulated results under different settings are presented in Tables 14, 15, 16, 17,

18, 19 and 20. FromTables 14, 15, 16, 17, 18, 19 and 20, we observe that the performance of
the tolerance intervals computed based on the proposed model selection approach is not
as good as the tolerance intervals when the assumed distribution and the true underlying
distribution are the same, however, the performance of the tolerance intervals computed
based on the proposed model selection approach is better than the tolerance intervals
under model misspecification. For example, for 95%/99% tolerance intervals with sample
size n = 50 and the true underlying distribution is Cauchy, the values of α̂, ρ̂ and ŝ are
0.0661, 0.9925 and 0.0016, respectively, when the assumed distribution is Cauchy (see,
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Table 7 Performance of tolerance intervals based on logistic distribution when the true distribution
is logistic (F = G: Gamma)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0138 0.0127 0.0135 0.0114 0.0133 0.0123 0.0129 0.0111

ρ̂ 0.9908 0.9765 0.9615 0.9472 0.9966 0.9919 0.9857 0.9787

ŝ 0.0231 0.0223 0.0205 0.0172 0.0128 0.0111 0.0108 0.0096

α = 0.05 α̂ 0.0675 0.0638 0.0582 0.0593 0.0658 0.0620 0.0570 0.0566

ρ̂ 0.9715 0.9569 0.9444 0.9336 0.9875 0.9824 0.9767 0.9710

ŝ 0.0444 0.0322 0.0255 0.0196 0.0277 0.0185 0.0149 0.0118

α = 0.1 α̂ 0.1290 0.1206 0.1158 0.1136 0.1264 0.1184 0.1132 0.1091

ρ̂ 0.9545 0.9438 0.9341 0.9259 0.9782 0.9752 0.9708 0.9664

ŝ 0.0573 0.0375 0.0280 0.0209 0.0381 0.0230 0.0173 0.0130

α = 0.2 α̂ 0.2439 0.2277 0.2210 0.2210 0.2408 0.2223 0.2162 0.2142

ρ̂ 0.9276 0.9256 0.9206 0.9160 0.9619 0.9644 0.9625 0.9602

ŝ 0.0726 0.0436 0.0310 0.0223 0.0521 0.0288 0.0202 0.0144

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0127 0.0114 0.0118 0.0089 0.0122 0.0113 0.0110 0.0084

ρ̂ 0.9994 0.9992 0.9985 0.9974 0.9997 0.9996 0.9994 0.9990

ŝ 0.0043 0.0023 0.0023 0.0020 0.0030 0.0013 0.0012 0.0010

α = 0.05 α̂ 0.0622 0.0581 0.0523 0.0497 0.0608 0.0565 0.0506 0.0469

ρ̂ 0.9973 0.9974 0.9967 0.9957 0.9985 0.9988 0.9985 0.9981

ŝ 0.0111 0.0051 0.0039 0.0030 0.0080 0.0030 0.0022 0.0016

α = 0.1 α̂ 0.1217 0.1128 0.1060 0.1009 0.1206 0.1109 0.1028 0.0964

ρ̂ 0.9947 0.9958 0.9953 0.9946 0.9968 0.9979 0.9978 0.9975

ŝ 0.0167 0.0072 0.0050 0.0036 0.0124 0.0044 0.0029 0.0020

α = 0.2 α̂ 0.2341 0.2130 0.2072 0.1990 0.2309 0.2101 0.2028 0.1932

ρ̂ 0.9892 0.9928 0.9931 0.9929 0.9932 0.9962 0.9966 0.9966

ŝ 0.0255 0.0103 0.0065 0.0043 0.0194 0.0066 0.0040 0.0025

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M

Table 4), the values of α̂, ρ̂ and ŝ are 0.7823, 0.9708 and 0.0224, respectively, when the
assumed distribution is normal (see, Table 12), and the values of α̂, ρ̂ and ŝ are 0.1227,
0.9894 and 0.0129, respectively, when the proposed model selection approach is used
(see, Table 15). We can see that the proposed model selection approach can effectively
reduce the risk of model misspecification in the computation of tolerance intervals. More-
over, the performance of the tolerance intervals based on the proposed model selection
approach can be better than the nonparametric tolerance intervals (e.g., for 95%/99% tol-
erance intervals with sample size n = 50 and the true underlying distribution is Cauchy,
the values of α̂, ρ̂ and ŝ are 0.3884, 0.9879 and 0.0145, respectively). However, when com-
pared with the nonparametric tolerance interval, the proposed model selection approach
requires the specification of some suitable candidate distributions.

6 Illustrative examples
In this section, two numerical examples are used to compare the computations of tol-
erance intervals using different software packages and illustrate the proposed model
selection approach.

6.1 Differences in flood levels data

In this example, we consider 33 differences in flood levels between two stations on
Fox river which streams through Wisconsin. The data was originally gathered by
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Table 8 Performance of tolerance intervals based on logistic distribution when the true distribution
is logistic (F = G: Weibull)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0065 0.0041 0.0014 0.0011 0.0075 0.0051 0.0024 0.0019

ρ̂ 0.9942 0.9840 0.9724 0.9589 0.9976 0.9939 0.9893 0.9833

ŝ 0.0170 0.0157 0.0153 0.0138 0.0106 0.0078 0.0077 0.0074

α = 0.05 α̂ 0.0256 0.0197 0.0133 0.0101 0.0285 0.0229 0.0184 0.0127

ρ̂ 0.9836 0.9710 0.9592 0.9471 0.9925 0.9879 0.9830 0.9772

ŝ 0.0315 0.0240 0.0201 0.0163 0.0205 0.0133 0.0111 0.0093

α = 0.1 α̂ 0.0507 0.0401 0.0326 0.0228 0.0549 0.0467 0.0384 0.0285

ρ̂ 0.9741 0.9618 0.9510 0.9403 0.9876 0.9834 0.9787 0.9735

ŝ 0.0411 0.0288 0.0226 0.0176 0.0275 0.0169 0.0131 0.0104

α = 0.2 α̂ 0.1045 0.0877 0.0754 0.0613 0.1122 0.1005 0.0846 0.0706

ρ̂ 0.9588 0.9489 0.9402 0.9317 0.9790 0.9765 0.9728 0.9687

ŝ 0.0536 0.0346 0.0255 0.0190 0.0372 0.0215 0.0156 0.0117

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0083 0.0063 0.0036 0.0027 0.0084 0.0064 0.0033 0.0035

ρ̂ 0.9995 0.9992 0.9986 0.9978 0.9997 0.9997 0.9995 0.9991

ŝ 0.0050 0.0017 0.0015 0.0015 0.0039 0.0010 0.0007 0.0007

α = 0.05 α̂ 0.0312 0.0267 0.0227 0.0167 0.0320 0.0280 0.0229 0.0178

ρ̂ 0.9983 0.9981 0.9975 0.9967 0.9990 0.9991 0.9989 0.9985

ŝ 0.0099 0.0036 0.0026 0.0022 0.0079 0.0022 0.0014 0.0011

α = 0.1 α̂ 0.0604 0.0544 0.0478 0.0376 0.0610 0.0572 0.0490 0.0394

ρ̂ 0.9969 0.9972 0.9967 0.9958 0.9981 0.9986 0.9985 0.9981

ŝ 0.0136 0.0051 0.0034 0.0027 0.0108 0.0032 0.0019 0.0014

α = 0.2 α̂ 0.1203 0.1120 0.0961 0.0823 0.1218 0.1151 0.0985 0.0866

ρ̂ 0.9943 0.9955 0.9953 0.9947 0.9964 0.9977 0.9977 0.9975

ŝ 0.0190 0.0072 0.0045 0.0033 0.0152 0.0047 0.0027 0.0018

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M

Gumbel and Mustafi (1967), which were also discussed by Bain and Engelhardt (1973)
and Puig and Stephens (2000). The dataset is presented in Table 21.We assume the data is
coming from a normal distribution or a logistic distribution and compute the correspond-
ing parametric tolerance intervals using JMP, Minitab, NCSS, Python, R, and SAS. For
the computation in R, the functions normtol.int, logistol.int and nptol.int

in the tolerance package with different method options are used to compute the para-
metric tolerance intervals based on normal and logistic distributions, respectively (Young
2010; 2014).
The 95%/95% tolerance intervals computed based on the data in Table 21 from differ-

ent software packages are presented in Table 22. For tolerance intervals under normal
distribution, we observe that the resulting intervals from JMP, Minitab, SAS, and R with
method = "EXACT" are the same, while the resulting intervals from NCSS, Python,
and R with method "HE" are the same. However, the tolerance intervals computed under
logistic distribution are different in Minitab and R.

To illustrate the proposed model selection approach, we consider that the normal and
logistic distributions as the candidate distributions. Themaximum likelihood estimates of
the parametersμN and σN for the normal distribution are 9.3536 and 4.0205, respectively,
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Table 9 Performance of tolerance intervals based on logistic distribution when the true distribution
is logistic (F = G: Lognormal)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0100 0.0100 0.0120 0.0084 0.0097 0.0100 0.0120 0.0084

ρ̂ 0.9925 0.9783 0.9632 0.9485 0.9973 0.9926 0.9863 0.9792

ŝ 0.0210 0.0210 0.0199 0.0168 0.0120 0.0104 0.0104 0.0093

α = 0.05 α̂ 0.0529 0.0481 0.0481 0.0508 0.0524 0.0473 0.0480 0.0508

ρ̂ 0.9762 0.9599 0.9469 0.9353 0.9897 0.9838 0.9778 0.9717

ŝ 0.0404 0.0305 0.0248 0.0192 0.0251 0.0174 0.0144 0.0115

α = 0.1 α̂ 0.1036 0.0991 0.0936 0.0975 0.1021 0.0985 0.0935 0.0975

ρ̂ 0.9614 0.9475 0.9369 0.9277 0.9819 0.9771 0.9721 0.9672

ŝ 0.0527 0.0357 0.0274 0.0205 0.0346 0.0217 0.0167 0.0126

α = 0.2 α̂ 0.2040 0.1978 0.1932 0.1930 0.2015 0.1972 0.1927 0.1928

ρ̂ 0.9376 0.9301 0.9239 0.9180 0.9679 0.9669 0.9642 0.9612

ŝ 0.0679 0.0418 0.0303 0.0219 0.0477 0.0272 0.0195 0.0141

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0091 0.0098 0.0120 0.0084 0.0091 0.0098 0.0120 0.0083

ρ̂ 0.9995 0.9992 0.9985 0.9974 0.9997 0.9997 0.9994 0.9989

ŝ 0.0048 0.0023 0.0021 0.0020 0.0036 0.0013 0.0011 0.0010

α = 0.05 α̂ 0.0501 0.0463 0.0476 0.0507 0.0495 0.0460 0.0475 0.0507

ρ̂ 0.9978 0.9976 0.9968 0.9957 0.9987 0.9989 0.9986 0.9981

ŝ 0.0106 0.0048 0.0037 0.0029 0.0079 0.0029 0.0021 0.0016

α = 0.1 α̂ 0.1000 0.0975 0.0930 0.0973 0.0991 0.0971 0.0930 0.0973

ρ̂ 0.9957 0.9961 0.9955 0.9946 0.9974 0.9981 0.9979 0.9975

ŝ 0.0154 0.0067 0.0047 0.0035 0.0117 0.0042 0.0027 0.0019

α = 0.2 α̂ 0.1971 0.1959 0.1915 0.1926 0.1952 0.1954 0.1913 0.1925

ρ̂ 0.9911 0.9934 0.9934 0.9930 0.9945 0.9965 0.9967 0.9966

ŝ 0.0231 0.0096 0.0062 0.0043 0.0177 0.0063 0.0038 0.0025

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M

and the value of maximum log-likelihood is -92.2417. The maximum likelihood estimates
of the parameters μL and σL for logistic distribution are 9.4048 and 2.3611, respectively,
and the value of maximum log-likelihood is -93.3586. Based on the values of the maxi-
mum log-likelihood, we select the logistic distribution over the normal distribution, and
hence, we report the tolerance interval computed based on the logistic distribution for
this data set.

6.2 Locomotive controls failure data

To illustrate the computation of tolerance intervals using Minitab, Python, and R for
asymmetric distributions (JMP, NCSS, and SAS are not included since they only provide
tolerance intervals based on the normal distribution), we consider a lifetime data set for
locomotive controls. Nelson (1982) presented the miles to failure of 37 locomotive con-
trols. This data set was also discussed by Krishnamoorthy and Xie (2011) and Yuan et al.
(2018). The data set is presented in Table 23.
For illustrative purposes, we consider three commonly used lifetime distributions,

the gamma, Weibull, and lognormal distributions, as candidate models for the lifetime
of locomotive controls. The 95%/95% tolerance intervals under the gamma, Weibull,
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Table 10 Performance of tolerance intervals based on Cauchy distribution when the true
distribution is normal (G: Cauchy; F: Normal)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0023 0.0000 0.0000 0.0000 0.0003 0.0000 0.0000 0.0000

ρ̂ 0.9990 1.0000 1.0000 1.0000 0.9999 1.0000 1.0000 1.0000

ŝ 0.0120 0.0007 0.0001 0.0000 0.0025 0.0000 0.0000 0.0000

α = 0.05 α̂ 0.0042 0.0000 0.0000 0.0000 0.0004 0.0000 0.0000 0.0000

ρ̂ 0.9981 0.9999 1.0000 1.0000 0.9999 1.0000 1.0000 1.0000

ŝ 0.0161 0.0012 0.0002 0.0000 0.0036 0.0000 0.0000 0.0000

α = 0.1 α̂ 0.0058 0.0000 0.0000 0.0000 0.0005 0.0000 0.0000 0.0000

ρ̂ 0.9974 0.9999 1.0000 1.0000 0.9999 1.0000 1.0000 1.0000

ŝ 0.0190 0.0016 0.0003 0.0001 0.0043 0.0000 0.0000 0.0000

α = 0.2 α̂ 0.0097 0.0002 0.0000 0.0000 0.0010 0.0000 0.0000 0.0000

ρ̂ 0.9960 0.9997 0.9999 1.0000 0.9998 1.0000 1.0000 1.0000

ŝ 0.0234 0.0022 0.0004 0.0001 0.0054 0.0000 0.0000 0.0000

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

ρ̂ 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

ŝ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

α = 0.05 α̂ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

ρ̂ 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

ŝ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

α = 0.1 α̂ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

ρ̂ 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

ŝ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

α = 0.2 α̂ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

ρ̂ 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

ŝ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

and lognormal distributions obtained from Minitab, Python, and R are presented
in Table 24. Note that the tolerance intervals obtained from Minitab and R with
method = "EXACT" under lognormal distribution are the same. However, under dif-
ferent statistical distributions, the resulting tolerance intervals obtained fromMinitab and
R are different.
To apply the proposed model selection approach, we compute the maximum likeli-

hood estimates of the model parameters and the corresponding values of maximum
log-likelihood under the gamma, Weibull, and lognormal distributions, and present the
results in Table 25. Since the Weibull distribution gives the largest likelihood among
the three candidate models, we select the Weibull distribution and report the tolerance
interval based on the Weibull distribution. Based on the results from R, the 95%/95%
tolerance interval based on Weibull distribution is (23.884, 171.782). We are 95% con-
fident that 95% of the locomotive controls will have lifetimes that are between 23884
miles and 171782 miles. If this does not satisfy the requirements of the railroad company,
then the reliability of the locomotive controls needs to be improved in the manufacturing
process.
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Table 11 Performance of tolerance intervals based on Laplace distribution when the true
distribution is normal (G: Laplace; F: Normal)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0000 0.0001 0.0000 0.0000 0.0000 0.0001 0.0000 0.0000

ρ̂ 1.0000 0.9988 0.9941 0.9852 1.0000 0.9999 0.9995 0.9982

ŝ 0.0004 0.0036 0.0060 0.0078 0.0001 0.0009 0.0010 0.0016

α = 0.05 α̂ 0.0011 0.0011 0.0005 0.0000 0.0006 0.0003 0.0000 0.0000

ρ̂ 0.9983 0.9925 0.9851 0.9755 0.9997 0.9990 0.9979 0.9961

ŝ 0.0087 0.0111 0.0114 0.0111 0.0033 0.0031 0.0028 0.0029

α = 0.1 α̂ 0.0090 0.0041 0.0020 0.0002 0.0045 0.0012 0.0003 0.0000

ρ̂ 0.9932 0.9858 0.9784 0.9694 0.9985 0.9977 0.9965 0.9945

ŝ 0.0194 0.0168 0.0146 0.0129 0.0080 0.0053 0.0041 0.0038

α = 0.2 α̂ 0.0418 0.0181 0.0059 0.0010 0.0232 0.0054 0.0011 0.0000

ρ̂ 0.9798 0.9745 0.9689 0.9615 0.9945 0.9948 0.9939 0.9922

ŝ 0.0367 0.0244 0.0186 0.0150 0.0171 0.0088 0.0061 0.0049

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

ρ̂ 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

ŝ 0.0000 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

α = 0.05 α̂ 0.0003 0.0001 0.0000 0.0000 0.0002 0.0001 0.0000 0.0000

ρ̂ 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

ŝ 0.0005 0.0003 0.0001 0.0000 0.0002 0.0001 0.0000 0.0000

α = 0.1 α̂ 0.0010 0.0003 0.0000 0.0000 0.0008 0.0003 0.0000 0.0000

ρ̂ 0.9999 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

ŝ 0.0015 0.0005 0.0001 0.0001 0.0008 0.0002 0.0000 0.0000

α = 0.2 α̂ 0.0078 0.0006 0.0000 0.0000 0.0047 0.0003 0.0000 0.0000

ρ̂ 0.9996 0.9999 0.9999 0.9999 0.9999 1.0000 1.0000 1.0000

ŝ 0.0037 0.0009 0.0002 0.0001 0.0021 0.0004 0.0000 0.0000

7 Concluding remarks
In this paper, we discuss the computation of tolerance intervals available in commonly
used statistical software packages including JMP, Minitab, NCSS, Python, R, and SAS.
We evaluate the performance of tolerance intervals using Monte Carlo simulation under
model misspecification by considering four symmetric distributions: normal, Cauchy,
logistic, and Laplace distributions, and three asymmetric distributions: gamma, Weibull,
and lognormal distributions. We observe that the performance of parametric tolerance
intervals can be sensitive to model misspecification. Therefore, when the true underly-
ing distribution is unknown and some candidate distributions are available, we propose
a simple model selection approach and show that the proposed approach can effectively
reduce the negative effect of misspecifying the underlying distribution in the performance
of tolerance intervals. The computation of the tolerance intervals using different statisti-
cal software packages and the proposed model selection approach are illustrated by two
numerical examples. For future research, we can compare the performance of the toler-
ance intervals obtained from different software packages with complete and incomplete
data.
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Table 12 Performance of tolerance intervals based on normal distribution when the true
distribution is Cauchy (G: Normal; F: Cauchy)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.1824 0.1284 0.0617 0.0140 0.4086 0.3572 0.2632 0.1434

ρ̂ 0.9399 0.9479 0.9578 0.9673 0.9495 0.9562 0.9646 0.9725

ŝ 0.0493 0.0405 0.0322 0.0244 0.0416 0.0341 0.0271 0.0205

α = 0.05 α̂ 0.2827 0.1771 0.0834 0.0195 0.5065 0.4151 0.2983 0.1658

ρ̂ 0.9240 0.9411 0.9543 0.9655 0.9362 0.9505 0.9616 0.9710

ŝ 0.0618 0.0456 0.0349 0.0257 0.0523 0.0384 0.0293 0.0216

α = 0.1 α̂ 0.3370 0.2064 0.0966 0.0226 0.5579 0.4420 0.3163 0.1788

ρ̂ 0.9149 0.9373 0.9523 0.9645 0.9285 0.9474 0.9600 0.9702

ŝ 0.0688 0.0484 0.0363 0.0264 0.0583 0.0408 0.0306 0.0222

α = 0.2 α̂ 0.3962 0.2406 0.1131 0.0276 0.6042 0.4736 0.3404 0.1909

ρ̂ 0.9031 0.9326 0.9500 0.9633 0.9186 0.9434 0.9580 0.9692

ŝ 0.0776 0.0519 0.0381 0.0273 0.0660 0.0438 0.0321 0.0229

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.8260 0.8059 0.7660 0.7049 0.9058 0.8944 0.8733 0.8399

ρ̂ 0.9616 0.9667 0.9730 0.9791 0.9647 0.9694 0.9753 0.9808

ŝ 0.0318 0.0260 0.0207 0.0156 0.0293 0.0239 0.0190 0.0143

α = 0.05 α̂ 0.8619 0.8272 0.7823 0.7201 0.9236 0.9064 0.8814 0.8484

ρ̂ 0.9514 0.9624 0.9708 0.9780 0.9554 0.9655 0.9732 0.9798

ŝ 0.0401 0.0294 0.0224 0.0164 0.0369 0.0270 0.0206 0.0151

α = 0.1 α̂ 0.8781 0.8381 0.7921 0.7278 0.9303 0.9113 0.8864 0.8530

ρ̂ 0.9455 0.9599 0.9696 0.9773 0.9500 0.9632 0.9721 0.9792

ŝ 0.0448 0.0312 0.0233 0.0169 0.0412 0.0287 0.0214 0.0155

α = 0.2 α̂ 0.8930 0.8499 0.8029 0.7355 0.9395 0.9173 0.8915 0.8572

ρ̂ 0.9380 0.9569 0.9681 0.9766 0.9431 0.9605 0.9707 0.9785

ŝ 0.0508 0.0335 0.0245 0.0175 0.0468 0.0308 0.0225 0.0160

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M
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Table 13 Performance of tolerance intervals based on logistic distribution when the true
distribution is Laplace (G: Logistic; F: Laplace)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.1700 0.1078 0.0797 0.0899 0.2058 0.1592 0.1499 0.1875

ρ̂ 0.9425 0.9542 0.9459 0.9338 0.9587 0.9735 0.9696 0.9627

ŝ 0.1509 0.0424 0.0303 0.0232 0.1464 0.0292 0.0203 0.0157

α = 0.05 α̂ 0.2321 0.1795 0.1531 0.1670 0.2771 0.2454 0.2546 0.3142

ρ̂ 0.9341 0.9390 0.9326 0.9229 0.9565 0.9639 0.9614 0.9559

ŝ 0.0841 0.0471 0.0327 0.0243 0.0648 0.0333 0.0225 0.0168

α = 0.1 α̂ 0.2783 0.2265 0.2080 0.2273 0.3307 0.3055 0.3277 0.3944

ρ̂ 0.9231 0.9299 0.9251 0.9170 0.9492 0.9581 0.9566 0.9521

ŝ 0.0882 0.0493 0.0337 0.0247 0.0684 0.0352 0.0236 0.0173

α = 0.2 α̂ 0.3446 0.2995 0.2926 0.3174 0.4005 0.3888 0.4205 0.5022

ρ̂ 0.9084 0.9182 0.9157 0.9097 0.9392 0.9506 0.9506 0.9474

ŝ 0.0925 0.0515 0.0348 0.0252 0.0724 0.0374 0.0247 0.0179

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.2565 0.2426 0.2912 0.4084 0.2703 0.2696 0.3324 0.4795

ρ̂ 0.9773 0.9920 0.9917 0.9899 0.9812 0.9951 0.9952 0.9942

ŝ 0.1397 0.0125 0.0078 0.0060 0.1386 0.0087 0.0051 0.0039

α = 0.05 α̂ 0.3451 0.3594 0.4284 0.5760 0.3622 0.3911 0.4805 0.6445

ρ̂ 0.9819 0.9886 0.9889 0.9875 0.9872 0.9929 0.9934 0.9927

ŝ 0.0369 0.0148 0.0091 0.0067 0.0294 0.0105 0.0061 0.0044

α = 0.1 α̂ 0.3995 0.4290 0.5143 0.6621 0.4199 0.4612 0.5610 0.7264

ρ̂ 0.9788 0.9865 0.9872 0.9862 0.9850 0.9916 0.9924 0.9918

ŝ 0.0392 0.0161 0.0098 0.0071 0.0314 0.0115 0.0066 0.0047

α = 0.2 α̂ 0.4771 0.5192 0.6102 0.7576 0.4973 0.5524 0.6583 0.8099

ρ̂ 0.9745 0.9837 0.9851 0.9845 0.9820 0.9897 0.9910 0.9908

ŝ 0.0420 0.0175 0.0106 0.0075 0.0337 0.0126 0.0073 0.0051

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M
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Table 14 Performance of parametric tolerance intervals based on the proposed model selection
approach for symmetric distributions when the true underlying distribution is normal

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0177 0.0175 0.0148 0.0122 0.0154 0.0161 0.0131 0.0109

ρ̂ 0.9920 0.9789 0.9637 0.9488 0.9970 0.9926 0.9868 0.9798

ŝ 0.0262 0.0244 0.0218 0.0176 0.0139 0.0121 0.0111 0.0096

α = 0.05 α̂ 0.0504 0.0557 0.0513 0.0472 0.0471 0.0513 0.0464 0.0431

ρ̂ 0.9788 0.9621 0.9481 0.9359 0.9912 0.9851 0.9790 0.9728

ŝ 0.0415 0.0330 0.0262 0.0198 0.0241 0.0183 0.0149 0.0117

α = 0.1 α̂ 0.0882 0.0977 0.0948 0.0916 0.0811 0.0928 0.0882 0.0838

ρ̂ 0.9659 0.9503 0.9385 0.9286 0.9851 0.9792 0.9738 0.9686

ŝ 0.0522 0.0376 0.0285 0.0209 0.0321 0.0222 0.0171 0.0129

α = 0.2 α̂ 0.1730 0.1861 0.1874 0.1793 0.1592 0.1757 0.1759 0.1676

ρ̂ 0.9438 0.9339 0.9260 0.9193 0.9734 0.9703 0.9667 0.9630

ŝ 0.0661 0.0432 0.0312 0.0222 0.0437 0.0274 0.0199 0.0144

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0125 0.0120 0.0100 0.0079 0.0114 0.0104 0.0096 0.0076

ρ̂ 0.9995 0.9992 0.9987 0.9977 0.9997 0.9997 0.9995 0.9991

ŝ 0.0041 0.0025 0.0020 0.0020 0.0025 0.0013 0.0010 0.0010

α = 0.05 α̂ 0.0424 0.0440 0.0398 0.0373 0.0406 0.0421 0.0387 0.0370

ρ̂ 0.9983 0.9980 0.9973 0.9962 0.9990 0.9991 0.9988 0.9984

ŝ 0.0085 0.0047 0.0034 0.0029 0.0058 0.0027 0.0018 0.0015

α = 0.1 α̂ 0.0755 0.0809 0.0783 0.0759 0.0735 0.0774 0.0762 0.0757

ρ̂ 0.9967 0.9967 0.9962 0.9953 0.9981 0.9984 0.9983 0.9979

ŝ 0.0125 0.0063 0.0044 0.0035 0.0088 0.0039 0.0025 0.0019

α = 0.2 α̂ 0.1460 0.1593 0.1607 0.1567 0.1432 0.1558 0.1576 0.1550

ρ̂ 0.9934 0.9946 0.9944 0.9938 0.9960 0.9972 0.9973 0.9971

ŝ 0.0190 0.0090 0.0059 0.0043 0.0140 0.0057 0.0035 0.0025

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M
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Table 15 Performance of parametric tolerance intervals based on the model selection approach for
symmetric distributions when the true distribution is Cauchy

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.1671 0.0829 0.0565 0.0224 0.2399 0.1721 0.0847 0.0236

ρ̂ 0.9291 0.9326 0.9291 0.9249 0.9507 0.9618 0.9629 0.9623

ŝ 0.1123 0.0236 0.0169 0.0111 0.1244 0.0199 0.0135 0.0065

α = 0.05 α̂ 0.2737 0.1658 0.1055 0.0567 0.3868 0.2383 0.1221 0.0582

ρ̂ 0.9124 0.9231 0.9226 0.9197 0.9407 0.9561 0.9594 0.9597

ŝ 0.0964 0.0282 0.0190 0.0119 0.0972 0.0246 0.0155 0.0070

α = 0.1 α̂ 0.3461 0.2176 0.1430 0.0863 0.4543 0.2769 0.1545 0.0882

ρ̂ 0.9044 0.9177 0.9188 0.9168 0.9355 0.9528 0.9574 0.9583

ŝ 0.0723 0.0307 0.0201 0.0123 0.0740 0.0271 0.0165 0.0073

α = 0.2 α̂ 0.4319 0.2836 0.2003 0.1414 0.5245 0.3257 0.2083 0.1424

ρ̂ 0.8916 0.9109 0.9140 0.9132 0.9273 0.9488 0.9549 0.9564

ŝ 0.0714 0.0337 0.0214 0.0128 0.0638 0.0299 0.0176 0.0076

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.4342 0.2143 0.0862 0.0238 0.4681 0.2143 0.0862 0.0238

ρ̂ 0.9698 0.9866 0.9904 0.9923 0.9728 0.9902 0.9941 0.9960

ŝ 0.1388 0.0174 0.0113 0.0037 0.1414 0.0162 0.0104 0.0034

α = 0.05 α̂ 0.5075 0.2529 0.1227 0.0585 0.5107 0.2529 0.1227 0.0585

ρ̂ 0.9665 0.9841 0.9894 0.9917 0.9710 0.9883 0.9934 0.9958

ŝ 0.1011 0.0213 0.0129 0.0041 0.1006 0.0197 0.0118 0.0036

α = 0.1 α̂ 0.5329 0.2836 0.1547 0.0884 0.5349 0.2836 0.1547 0.0884

ρ̂ 0.9650 0.9828 0.9889 0.9914 0.9701 0.9872 0.9931 0.9956

ŝ 0.0698 0.0233 0.0137 0.0042 0.0683 0.0215 0.0125 0.0038

α = 0.2 α̂ 0.5699 0.3286 0.2087 0.1426 0.5708 0.3286 0.2087 0.1426

ρ̂ 0.9607 0.9812 0.9882 0.9911 0.9666 0.9860 0.9926 0.9954

ŝ 0.0561 0.0256 0.0146 0.0044 0.0534 0.0236 0.0134 0.0039

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M
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Table 16 Performance of parametric tolerance intervals based on the proposed model selection
approach for symmetric distributions when the true underlying distribution is Laplace

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0422 0.0370 0.0286 0.0228 0.0502 0.0667 0.0582 0.0454

ρ̂ 0.9804 0.9722 0.9619 0.9500 0.9897 0.9860 0.9822 0.9773

ŝ 0.0512 0.0318 0.0252 0.0189 0.0426 0.0215 0.0170 0.0129

α = 0.05 α̂ 0.1014 0.0891 0.0703 0.0490 0.1228 0.1332 0.1120 0.0877

ρ̂ 0.9628 0.9552 0.9469 0.9377 0.9798 0.9768 0.9741 0.9705

ŝ 0.0528 0.0383 0.0285 0.0205 0.0370 0.0271 0.0199 0.0143

α = 0.1 α̂ 0.1596 0.1331 0.1067 0.0797 0.1851 0.1841 0.1574 0.1209

ρ̂ 0.9483 0.9444 0.9383 0.9310 0.9712 0.9707 0.9692 0.9667

ŝ 0.0617 0.0419 0.0302 0.0213 0.0448 0.0303 0.0215 0.0150

α = 0.2 α̂ 0.2569 0.2130 0.1774 0.1433 0.2860 0.2672 0.2303 0.1825

ρ̂ 0.9273 0.9304 0.9277 0.9230 0.9579 0.9623 0.9629 0.9619

ŝ 0.0727 0.0461 0.0323 0.0223 0.0550 0.0344 0.0235 0.0159

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0864 0.1367 0.1279 0.0970 0.1032 0.1664 0.1496 0.1076

ρ̂ 0.9959 0.9958 0.9960 0.9959 0.9969 0.9972 0.9976 0.9979

ŝ 0.0369 0.0093 0.0070 0.0050 0.0360 0.0068 0.0049 0.0033

α = 0.05 α̂ 0.1904 0.2190 0.1853 0.1368 0.2157 0.2467 0.2003 0.1463

ρ̂ 0.9922 0.9929 0.9939 0.9942 0.9943 0.9953 0.9964 0.9970

ŝ 0.0200 0.0127 0.0087 0.0058 0.0162 0.0095 0.0063 0.0039

α = 0.1 α̂ 0.2624 0.2722 0.2245 0.1677 0.2955 0.2946 0.2377 0.1778

ρ̂ 0.9885 0.9909 0.9925 0.9932 0.9916 0.9939 0.9956 0.9964

ŝ 0.0252 0.0148 0.0098 0.0062 0.0206 0.0113 0.0072 0.0043

α = 0.2 α̂ 0.3705 0.3432 0.2859 0.2263 0.3989 0.3599 0.2959 0.2345

ρ̂ 0.9825 0.9879 0.9906 0.9919 0.9870 0.9919 0.9944 0.9957

ŝ 0.0325 0.0176 0.0111 0.0068 0.0269 0.0136 0.0083 0.0048

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M
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Table 17 Performance of parametric tolerance intervals base on the proposed model selection
approach for symmetric distributions when the true underlying true distribution is logistic

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0170 0.0152 0.0147 0.0120 0.0192 0.0243 0.0277 0.0311

ρ̂ 0.9851 0.9769 0.9664 0.9565 0.9910 0.9893 0.9843 0.9795

ŝ 0.0905 0.0248 0.0240 0.0211 0.0904 0.0142 0.0143 0.0132

α = 0.05 α̂ 0.0563 0.0572 0.0531 0.0421 0.0640 0.0817 0.0871 0.0834

ρ̂ 0.9730 0.9610 0.9524 0.9446 0.9866 0.9809 0.9769 0.9730

ŝ 0.0464 0.0333 0.0284 0.0229 0.0332 0.0208 0.0181 0.0151

α = 0.1 α̂ 0.1057 0.1021 0.0926 0.0728 0.1198 0.1377 0.1378 0.1318

ρ̂ 0.9596 0.9503 0.9438 0.9376 0.9793 0.9750 0.9721 0.9691

ŝ 0.0524 0.0380 0.0307 0.0238 0.0347 0.0246 0.0202 0.0161

α = 0.2 α̂ 0.1985 0.1855 0.1628 0.1337 0.2153 0.2254 0.2173 0.2020

ρ̂ 0.9381 0.9356 0.9326 0.9288 0.9665 0.9664 0.9656 0.9641

ŝ 0.0658 0.0435 0.0333 0.0248 0.0459 0.0296 0.0227 0.0174

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0287 0.0583 0.0913 0.1335 0.0351 0.0791 0.1327 0.1925

ρ̂ 0.9945 0.9975 0.9964 0.9955 0.9950 0.9985 0.9979 0.9974

ŝ 0.0917 0.0046 0.0047 0.0046 0.0916 0.0030 0.0031 0.0031

α = 0.05 α̂ 0.0997 0.1578 0.1963 0.2281 0.1161 0.1966 0.2492 0.2792

ρ̂ 0.9959 0.9950 0.9943 0.9937 0.9973 0.9969 0.9966 0.9964

ŝ 0.0232 0.0077 0.0067 0.0059 0.0219 0.0053 0.0046 0.0040

α = 0.1 α̂ 0.1646 0.2323 0.2675 0.2800 0.1890 0.2783 0.3166 0.3197

ρ̂ 0.9935 0.9931 0.9929 0.9927 0.9957 0.9957 0.9957 0.9957

ŝ 0.0162 0.0098 0.0080 0.0066 0.0124 0.0069 0.0055 0.0046

α = 0.2 α̂ 0.2820 0.3364 0.3490 0.3369 0.3128 0.3765 0.3910 0.3611

ρ̂ 0.9887 0.9902 0.9909 0.9912 0.9922 0.9937 0.9944 0.9948

ŝ 0.0230 0.0128 0.0096 0.0075 0.0179 0.0092 0.0068 0.0053

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M
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Table 18 Performance of parametric tolerance intervals based on the model selection approach for
skewed distributions when the true distribution is gamma

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0089 0.0106 0.0088 0.0084 0.0094 0.0111 0.0090 0.0090

ρ̂ 0.9970 0.9966 0.9968 0.9969 0.9980 0.9978 0.9978 0.9979

ŝ 0.0269 0.0277 0.0304 0.0297 0.0221 0.0219 0.0260 0.0248

α = 0.05 α̂ 0.0387 0.0411 0.0397 0.0385 0.0425 0.0440 0.0433 0.0426

ρ̂ 0.9868 0.9858 0.9865 0.9867 0.9911 0.9903 0.9909 0.9910

ŝ 0.0563 0.0595 0.0581 0.0577 0.0457 0.0488 0.0480 0.0477

α = 0.1 α̂ 0.0731 0.0779 0.0743 0.0752 0.0782 0.0835 0.0807 0.0807

ρ̂ 0.9752 0.9737 0.9748 0.9751 0.9831 0.9819 0.9828 0.9830

ŝ 0.0767 0.0804 0.0783 0.0777 0.0631 0.0666 0.0647 0.0643

α = 0.2 α̂ 0.1387 0.1471 0.1415 0.1386 0.1518 0.1581 0.1517 0.1490

ρ̂ 0.9536 0.9516 0.9532 0.9536 0.9679 0.9662 0.9675 0.9679

ŝ 0.1032 0.1073 0.1049 0.1042 0.0861 0.0900 0.0876 0.0871

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0110 0.0133 0.0116 0.0103 0.0119 0.0142 0.0121 0.0106

ρ̂ 0.9989 0.9988 0.9987 0.9988 0.9991 0.9990 0.9989 0.9990

ŝ 0.0167 0.0151 0.0205 0.0186 0.0155 0.0134 0.0191 0.0169

α = 0.05 α̂ 0.0501 0.0520 0.0502 0.0506 0.0534 0.0549 0.0530 0.0539

ρ̂ 0.9952 0.9946 0.9950 0.9951 0.9960 0.9955 0.9958 0.9959

ŝ 0.0330 0.0354 0.0362 0.0356 0.0299 0.0320 0.0333 0.0326

α = 0.1 α̂ 0.0940 0.0977 0.0936 0.0959 0.0994 0.1048 0.0991 0.1003

ρ̂ 0.9907 0.9898 0.9905 0.9906 0.9923 0.9915 0.9921 0.9922

ŝ 0.0458 0.0491 0.0481 0.0479 0.0414 0.0447 0.0441 0.0437

α = 0.2 α̂ 0.1774 0.1800 0.1755 0.1745 0.1878 0.1894 0.1852 0.1845

ρ̂ 0.9821 0.9808 0.9818 0.9819 0.9850 0.9838 0.9847 0.9849

ŝ 0.0636 0.0674 0.0653 0.0651 0.0578 0.0615 0.0596 0.0595

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M
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Table 19 Performance of parametric tolerance intervals based on the model selection approach for
skewed distributions when the true distribution is Weibull

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0069 0.0089 0.0065 0.0064 0.0074 0.0090 0.0066 0.0069

ρ̂ 0.9969 0.9971 0.9971 0.9975 0.9979 0.9981 0.9981 0.9984

ŝ 0.0325 0.0294 0.0325 0.0263 0.0280 0.0252 0.0293 0.0221

α = 0.05 α̂ 0.0359 0.0364 0.0348 0.0322 0.0361 0.0372 0.0357 0.0330

ρ̂ 0.9870 0.9869 0.9878 0.9883 0.9916 0.9916 0.9922 0.9927

ŝ 0.0583 0.0573 0.0562 0.0526 0.0483 0.0466 0.0467 0.0426

α = 0.1 α̂ 0.0726 0.0703 0.0646 0.0657 0.0746 0.0721 0.0655 0.0668

ρ̂ 0.9754 0.9755 0.9767 0.9770 0.9840 0.9840 0.9850 0.9853

ŝ 0.0781 0.0780 0.0756 0.0729 0.0642 0.0637 0.0621 0.0589

α = 0.2 α̂ 0.1364 0.1331 0.1334 0.1324 0.1390 0.1353 0.1361 0.1351

ρ̂ 0.9537 0.9541 0.9556 0.9557 0.9692 0.9695 0.9708 0.9709

ŝ 0.1053 0.1051 0.1020 0.1006 0.0872 0.0872 0.0844 0.0823

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0075 0.0089 0.0070 0.0071 0.0072 0.0088 0.0069 0.0071

ρ̂ 0.9989 0.9990 0.9989 0.9992 0.9991 0.9992 0.9990 0.9994

ŝ 0.0214 0.0208 0.0255 0.0165 0.0190 0.0195 0.0243 0.0148

α = 0.05 α̂ 0.0370 0.0371 0.0356 0.0338 0.0373 0.0370 0.0354 0.0338

ρ̂ 0.9958 0.9959 0.9961 0.9965 0.9966 0.9967 0.9968 0.9972

ŝ 0.0366 0.0342 0.0361 0.0311 0.0336 0.0313 0.0338 0.0283

α = 0.1 α̂ 0.0742 0.0721 0.0666 0.0681 0.0737 0.0720 0.0660 0.0680

ρ̂ 0.9920 0.9920 0.9925 0.9930 0.9935 0.9936 0.9940 0.9944

ŝ 0.0475 0.0459 0.0461 0.0421 0.0434 0.0416 0.0424 0.0381

α = 0.2 α̂ 0.1397 0.1369 0.1363 0.1357 0.1397 0.1367 0.1364 0.1359

ρ̂ 0.9843 0.9844 0.9854 0.9856 0.9873 0.9874 0.9882 0.9885

ŝ 0.0638 0.0634 0.0619 0.0588 0.0578 0.0572 0.0563 0.0529

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M



Cho and Ng Journal of Statistical Distributions and Applications            (2021) 8:10 Page 29 of 49

Table 20 Performance of parametric tolerance intervals based on the model selection approach for
skewed distributions when the true distribution is lognormal

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0124 0.0096 0.0128 0.0112 0.0141 0.0115 0.0142 0.0140

ρ̂ 0.9961 0.9963 0.9958 0.9957 0.9973 0.9974 0.9972 0.9970

ŝ 0.0277 0.0301 0.0291 0.0335 0.0222 0.0253 0.0234 0.0287

α = 0.05 α̂ 0.0483 0.0425 0.0498 0.0485 0.0557 0.0524 0.0607 0.0549

ρ̂ 0.9837 0.9844 0.9824 0.9830 0.9885 0.9892 0.9877 0.9880

ŝ 0.0599 0.0587 0.0622 0.0634 0.0493 0.0488 0.0512 0.0531

α = 0.1 α̂ 0.0847 0.0834 0.0934 0.0853 0.0977 0.0973 0.1101 0.1023

ρ̂ 0.9710 0.9715 0.9685 0.9699 0.9792 0.9799 0.9775 0.9784

ŝ 0.0804 0.0786 0.0838 0.0838 0.0672 0.0656 0.0698 0.0706

α = 0.2 α̂ 0.1519 0.1574 0.1652 0.1543 0.1768 0.1827 0.1901 0.1809

ρ̂ 0.9490 0.9489 0.9452 0.9474 0.9630 0.9633 0.9600 0.9617

ŝ 0.1059 0.1044 0.1108 0.1094 0.0898 0.0879 0.0937 0.0933

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0183 0.0166 0.0199 0.0180 0.0204 0.0182 0.0217 0.0199

ρ̂ 0.9986 0.9985 0.9985 0.9982 0.9988 0.9987 0.9988 0.9984

ŝ 0.0158 0.0194 0.0166 0.0231 0.0142 0.0178 0.0149 0.0216

α = 0.05 α̂ 0.0738 0.0715 0.0832 0.0743 0.0820 0.0798 0.0901 0.0810

ρ̂ 0.9933 0.9938 0.9930 0.9930 0.9944 0.9948 0.9941 0.9940

ŝ 0.0359 0.0367 0.0376 0.0407 0.0325 0.0337 0.0342 0.0376

α = 0.1 α̂ 0.1300 0.1326 0.1446 0.1360 0.1429 0.1469 0.1565 0.1507

ρ̂ 0.9877 0.9884 0.9868 0.9872 0.9895 0.9902 0.9888 0.9891

ŝ 0.0501 0.0493 0.0521 0.0539 0.0456 0.0452 0.0476 0.0497

α = 0.2 α̂ 0.2334 0.2409 0.2451 0.2403 0.2520 0.2622 0.2669 0.2620

ρ̂ 0.9775 0.9782 0.9757 0.9767 0.9807 0.9815 0.9792 0.9800

ŝ 0.0686 0.0667 0.0711 0.0720 0.0629 0.0612 0.0653 0.0664

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M

Table 21 Differences of flood levels between two stations on a river in Wisconsin

1.96 1.97 3.60 3.80 4.79 5.66 5.76 5.78 6.27 6.30

6.76 7.65 7.84 7.99 8.51 9.18 10.13 10.24 10.25 10.43

11.45 11.48 11.75 11.81 12.34 12.78 13.06 13.29 13.98 14.18

14.40 16.22 17.06

Table 22 The 95%/95% tolerance intervals based on the data in Table 21 computed using different
software packages

Assumed Software Package

Distribution Minitab R (tolerance package) JMP/SAS NCSS/Python

Normal (-0.765, 19.472) method = "HE": (-0.767, 19.475) (-0.765, 19.472) (-0.767, 19.475)

method = "HE2": (-0.746, 19.453)

method = "WBE": (-0.745, 19.452)

method = "KM": (-0.745, 19.452)

method = "ELL": (-1.149, 19.856)

method = "EXACT": (-0.765, 19.472)

method = "OCT": (-1.454, 20.161)

Logistic (-2.057, 20.866) (-18.784, 37.379)
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Table 23Miles to failure of 37 locomotive controls (in 1000 of miles)

22.5 37.5 46.0 48.5 51.5 53.0 54.5 57.5 66.5 68.0

69.5 76.5 77.0 78.5 80.0 81.5 82.0 83.0 84.0 91.5

93.5 102.5 107.0 108.5 112.5 113.5 116.0 117.0 118.5 119.0

120.0 122.5 123.0 127.5 131.0 132.5 134.0

Table 24 The 95%/95% tolerance intervals for the data set in Table 23 computed using Minitab,
Python, and R

Assumed Software Package

Distribution Minitab Python R (tolerance package)

Gamma (27.527, 194.210) Not available method = "HE": (27.937, 192.248)

method = "HE2": (28.007, 191.994)

method = "WBE": (28.009, 191.987)

method = "KM": (28.009, 191.987)

method = "EXACT": (27.945, 192.220)

method = "OCT": (25.537, 201.331)

Weibull (22.019, 171.516) Not available (23.884, 171.782)

Lognormal (30.297, 229.080) (30.297, 229.080) method = "HE": (30.291, 229.126)

method = "HE2": (30.348, 228.697)

method = "WBE": (30.349 228.685)

method = "KM": (30.350, 228.685)

method = "ELL": (29.268, 237.139)

method = "EXACT": (30.297, 229.080)

method = "OCT": (28.352, 244.798)

Table 25Maximum likelihood estimates of parameters and the corresponding maximum
log-likelihood for the gamma, Weibull, and lognormal distributions based on the data in Table 23

Assumed Parameter Estimates

Distribution Shape Scale Max. log-likelihood

Gamma θ̂G = 7.2586 β̂G = 12.3153 −180.3139

Weibull θ̂W = 3.4329 β̂W = 99.6853 −177.7924

Lognormal μ̂LN = 4.4226 σ̂LN = 0.4032 −182.5255
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Appendix

Table 26 Performance of tolerance intervals based on logistic distribution when the true
distribution is normal (G: Logistic; F: Normal)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.1173 0.0501 0.0237 0.0128 0.1119 0.0430 0.0160 0.0063

ρ̂ 0.9630 0.9697 0.9640 0.9539 0.9809 0.9886 0.9878 0.9844

ŝ 0.0673 0.0348 0.0248 0.0193 0.0455 0.0186 0.0120 0.0092

α = 0.05 α̂ 0.1768 0.0909 0.0547 0.0344 0.1670 0.0760 0.0355 0.0165

ρ̂ 0.9468 0.9562 0.9520 0.9436 0.9723 0.9827 0.9827 0.9799

ŝ 0.0776 0.0409 0.0281 0.0210 0.0533 0.0229 0.0145 0.0106

α = 0.1 α̂ 0.2180 0.1257 0.0801 0.0585 0.2046 0.1042 0.0547 0.0280

ρ̂ 0.9360 0.9478 0.9449 0.9378 0.9665 0.9788 0.9795 0.9772

ŝ 0.0829 0.0439 0.0298 0.0218 0.0576 0.0252 0.0158 0.0114

α = 0.2 α̂ 0.2825 0.1841 0.1238 0.0961 0.2582 0.1460 0.0825 0.0452

ρ̂ 0.9212 0.9366 0.9359 0.9307 0.9584 0.9734 0.9753 0.9739

ŝ 0.0887 0.0472 0.0315 0.0226 0.0627 0.0280 0.0174 0.0122

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0874 0.0227 0.0045 0.0005 0.0780 0.0159 0.0033 0.0001

ρ̂ 0.9955 0.9989 0.9993 0.9992 0.9975 0.9996 0.9998 0.9998

ŝ 0.0189 0.0043 0.0016 0.0009 0.0133 0.0024 0.0006 0.0003

α = 0.05 α̂ 0.1286 0.0401 0.0094 0.0011 0.1106 0.0280 0.0048 0.0003

ρ̂ 0.9935 0.9982 0.9988 0.9988 0.9964 0.9993 0.9997 0.9997

ŝ 0.0224 0.0054 0.0021 0.0012 0.0157 0.0030 0.0008 0.0004

α = 0.1 α̂ 0.1557 0.0533 0.0139 0.0014 0.1359 0.0390 0.0068 0.0005

ρ̂ 0.9921 0.9977 0.9985 0.9986 0.9957 0.9992 0.9996 0.9996

ŝ 0.0244 0.0061 0.0025 0.0014 0.0171 0.0033 0.0010 0.0005

α = 0.2 α̂ 0.1925 0.0732 0.0220 0.0037 0.1686 0.0529 0.0113 0.0010

ρ̂ 0.9902 0.9970 0.9981 0.9982 0.9946 0.9989 0.9994 0.9995

ŝ 0.0270 0.0069 0.0029 0.0016 0.0189 0.0038 0.0012 0.0006

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M
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Table 27 Performance of tolerance intervals based on Laplace distribution when the true
distribution is Cauchy (G: Laplace; F: Cauchy)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0048 0.0579 0.0642 0.0389 0.0433 0.2811 0.3342 0.3407

ρ̂ 0.9738 0.9506 0.9462 0.9462 0.9797 0.9616 0.9583 0.9583

ŝ 0.0188 0.0292 0.0284 0.0257 0.0145 0.0227 0.0221 0.0199

α = 0.05 α̂ 0.1142 0.1514 0.1207 0.0694 0.3095 0.4305 0.4381 0.4093

ρ̂ 0.9467 0.9381 0.9388 0.9416 0.9587 0.9519 0.9525 0.9548

ŝ 0.0379 0.0365 0.0323 0.0278 0.0295 0.0284 0.0251 0.0216

α = 0.1 α̂ 0.2058 0.2058 0.1542 0.0882 0.4380 0.4940 0.4796 0.4430

ρ̂ 0.9330 0.9316 0.9349 0.9392 0.9479 0.9469 0.9495 0.9530

ŝ 0.0474 0.0402 0.0343 0.0290 0.0370 0.0313 0.0267 0.0225

α = 0.2 α̂ 0.3135 0.2739 0.1998 0.1133 0.5529 0.5540 0.5264 0.4814

ρ̂ 0.9171 0.9241 0.9304 0.9365 0.9355 0.9411 0.9461 0.9509

ŝ 0.0582 0.0445 0.0366 0.0303 0.0456 0.0347 0.0285 0.0235

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.5641 0.8403 0.8835 0.9014 0.7757 0.9216 0.9420 0.9547

ρ̂ 0.9867 0.9748 0.9726 0.9727 0.9885 0.9781 0.9762 0.9762

ŝ 0.0095 0.0149 0.0145 0.0131 0.0083 0.0130 0.0127 0.0114

α = 0.05 α̂ 0.8194 0.8798 0.9032 0.9125 0.9105 0.9412 0.9516 0.9591

ρ̂ 0.9729 0.9684 0.9689 0.9704 0.9764 0.9725 0.9729 0.9742

ŝ 0.0194 0.0187 0.0165 0.0142 0.0169 0.0163 0.0144 0.0123

α = 0.1 α̂ 0.8676 0.8933 0.9108 0.9179 0.9314 0.9467 0.9546 0.9605

ρ̂ 0.9658 0.9651 0.9669 0.9692 0.9702 0.9697 0.9712 0.9732

ŝ 0.0245 0.0206 0.0175 0.0147 0.0213 0.0180 0.0153 0.0128

α = 0.2 α̂ 0.8996 0.9082 0.9182 0.9220 0.9466 0.9538 0.9582 0.9620

ρ̂ 0.9576 0.9614 0.9647 0.9679 0.9631 0.9664 0.9693 0.9721

ŝ 0.0302 0.0229 0.0187 0.0154 0.0264 0.0199 0.0163 0.0134

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M
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Table 28 Performance of tolerance intervals based on Cauchy distribution when the true
distribution is Laplace (G: Cauchy; F: Laplace)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0092 0.0001 0.0000 0.0000 0.0007 0.0000 0.0000 0.0000

ρ̂ 0.9940 0.9967 0.9965 0.9952 0.9996 1.0000 1.0000 1.0000

ŝ 0.0193 0.0062 0.0040 0.0034 0.0035 0.0003 0.0001 0.0001

α = 0.05 α̂ 0.0178 0.0005 0.0000 0.0000 0.0026 0.0000 0.0000 0.0000

ρ̂ 0.9905 0.9947 0.9946 0.9933 0.9993 0.9999 0.9999 0.9999

ŝ 0.0256 0.0088 0.0055 0.0044 0.0050 0.0005 0.0002 0.0001

α = 0.1 α̂ 0.0231 0.0009 0.0001 0.0000 0.0037 0.0000 0.0000 0.0000

ρ̂ 0.9878 0.9931 0.9932 0.9921 0.9990 0.9998 0.9999 0.9999

ŝ 0.0298 0.0106 0.0064 0.0051 0.0062 0.0007 0.0002 0.0001

α = 0.2 α̂ 0.0343 0.0019 0.0001 0.0000 0.0055 0.0000 0.0000 0.0000

ρ̂ 0.9835 0.9906 0.9912 0.9903 0.9985 0.9998 0.9999 0.9999

ŝ 0.0357 0.0131 0.0078 0.0059 0.0080 0.0010 0.0003 0.0002

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

ρ̂ 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

ŝ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

α = 0.05 α̂ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

ρ̂ 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

ŝ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

α = 0.1 α̂ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

ρ̂ 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

ŝ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

α = 0.2 α̂ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

ρ̂ 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

ŝ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M
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Table 29 Performance of tolerance intervals based on normal distribution when the true
distribution is Laplace (G: Normal; F: Laplace)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0365 0.0451 0.0506 0.0498 0.0554 0.0977 0.1347 0.1996

ρ̂ 0.9775 0.9583 0.9453 0.9347 0.9874 0.9763 0.9681 0.9610

ŝ 0.0331 0.0295 0.0246 0.0196 0.0229 0.0202 0.0171 0.0140

α = 0.05 α̂ 0.1144 0.1290 0.1276 0.1233 0.1635 0.2249 0.2842 0.3612

ρ̂ 0.9554 0.9409 0.9320 0.9248 0.9729 0.9645 0.9587 0.9539

ŝ 0.0504 0.0367 0.0282 0.0214 0.0372 0.0265 0.0204 0.0156

α = 0.1 α̂ 0.1866 0.1956 0.1917 0.1840 0.2503 0.3154 0.3837 0.4557

ρ̂ 0.9400 0.9305 0.9244 0.9193 0.9622 0.9571 0.9532 0.9499

ŝ 0.0599 0.0405 0.0301 0.0223 0.0456 0.0300 0.0222 0.0165

α = 0.2 α̂ 0.2977 0.2958 0.2916 0.2769 0.3787 0.4428 0.5053 0.5743

ρ̂ 0.9184 0.9170 0.9148 0.9125 0.9465 0.9472 0.9462 0.9448

ŝ 0.0712 0.0450 0.0323 0.0234 0.0561 0.0343 0.0243 0.0176

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.1117 0.2661 0.4679 0.7163 0.1408 0.3503 0.6016 0.8563

ρ̂ 0.9956 0.9918 0.9886 0.9856 0.9969 0.9944 0.9922 0.9901

ŝ 0.0118 0.0095 0.0081 0.0068 0.0094 0.0072 0.0061 0.0051

α = 0.05 α̂ 0.2813 0.4762 0.6635 0.8562 0.3308 0.5766 0.7783 0.9413

ρ̂ 0.9890 0.9864 0.9842 0.9821 0.9920 0.9904 0.9889 0.9874

ŝ 0.0210 0.0137 0.0104 0.0080 0.0172 0.0107 0.0080 0.0062

α = 0.1 α̂ 0.3956 0.5923 0.7564 0.9062 0.4552 0.6824 0.8500 0.9658

ρ̂ 0.9837 0.9827 0.9814 0.9801 0.9878 0.9876 0.9868 0.9859

ŝ 0.0271 0.0162 0.0117 0.0087 0.0225 0.0128 0.0091 0.0067

α = 0.2 α̂ 0.5430 0.7129 0.8442 0.9480 0.6036 0.7896 0.9134 0.9828

ρ̂ 0.9752 0.9776 0.9778 0.9774 0.9811 0.9836 0.9840 0.9838

ŝ 0.0352 0.0194 0.0133 0.0095 0.0297 0.0156 0.0105 0.0074

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M
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Table 30 Performance of tolerance intervals based on Laplace distribution when the true
distribution is logistic (G: Laplace; F: Logistic)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

ρ̂ 0.9999 0.9946 0.9846 0.9722 1.0000 0.9988 0.9960 0.9917

ŝ 0.0010 0.0065 0.0093 0.0101 0.0003 0.0020 0.0032 0.0040

α = 0.05 α̂ 0.0036 0.0019 0.0009 0.0006 0.0026 0.0011 0.0002 0.0001

ρ̂ 0.9950 0.9833 0.9726 0.9614 0.9986 0.9953 0.9917 0.9874

ŝ 0.0139 0.0149 0.0142 0.0129 0.0062 0.0058 0.0057 0.0055

α = 0.1 α̂ 0.0182 0.0091 0.0042 0.0018 0.0142 0.0049 0.0015 0.0006

ρ̂ 0.9863 0.9745 0.9650 0.9551 0.9955 0.9921 0.9887 0.9848

ŝ 0.0263 0.0203 0.0170 0.0143 0.0130 0.0086 0.0073 0.0064

α = 0.2 α̂ 0.0612 0.0338 0.0174 0.0079 0.0490 0.0211 0.0071 0.0019

ρ̂ 0.9693 0.9616 0.9549 0.9473 0.9883 0.9868 0.9844 0.9813

ŝ 0.0431 0.0269 0.0202 0.0159 0.0238 0.0126 0.0094 0.0075

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

ρ̂ 1.0000 1.0000 0.9998 0.9995 1.0000 1.0000 0.9999 0.9999

ŝ 0.0000 0.0001 0.0003 0.0004 0.0000 0.0001 0.0001 0.0001

α = 0.05 α̂ 0.0021 0.0005 0.0000 0.0000 0.0018 0.0003 0.0000 0.0000

ρ̂ 0.9999 0.9997 0.9995 0.9991 1.0000 0.9999 0.9998 0.9997

ŝ 0.0012 0.0007 0.0006 0.0007 0.0006 0.0003 0.0002 0.0003

α = 0.1 α̂ 0.0101 0.0021 0.0003 0.0000 0.0089 0.0014 0.0001 0.0000

ρ̂ 0.9995 0.9994 0.9992 0.9988 0.9998 0.9998 0.9997 0.9996

ŝ 0.0031 0.0012 0.0009 0.0008 0.0018 0.0005 0.0004 0.0003

α = 0.2 α̂ 0.0353 0.0093 0.0018 0.0003 0.0312 0.0072 0.0009 0.0001

ρ̂ 0.9984 0.9988 0.9987 0.9983 0.9992 0.9995 0.9995 0.9994

ŝ 0.0067 0.0020 0.0013 0.0011 0.0041 0.0010 0.0006 0.0004

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M



Cho and Ng Journal of Statistical Distributions and Applications            (2021) 8:10 Page 36 of 49

Table 31 Performance of tolerance intervals based on Cauchy distribution when the true
distribution is logistic (G: Cauchy; F: Logistic)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0038 0.0000 0.0000 0.0000 0.0001 0.0000 0.0000 0.0000

ρ̂ 0.9978 0.9996 0.9996 0.9995 0.9999 1.0000 1.0000 1.0000

ŝ 0.0147 0.0014 0.0006 0.0005 0.0059 0.0000 0.0000 0.0000

α = 0.05 α̂ 0.0069 0.0000 0.0000 0.0000 0.0006 0.0000 0.0000 0.0000

ρ̂ 0.9963 0.9992 0.9993 0.9991 0.9998 1.0000 1.0000 1.0000

ŝ 0.0193 0.0023 0.0010 0.0008 0.0066 0.0000 0.0000 0.0000

α = 0.1 α̂ 0.0093 0.0000 0.0000 0.0000 0.0013 0.0000 0.0000 0.0000

ρ̂ 0.9949 0.9988 0.9990 0.9989 0.9997 1.0000 1.0000 1.0000

ŝ 0.0225 0.0030 0.0014 0.0010 0.0072 0.0001 0.0000 0.0000

α = 0.2 α̂ 0.0148 0.0000 0.0000 0.0000 0.0018 0.0000 0.0000 0.0000

ρ̂ 0.9927 0.9981 0.9986 0.9984 0.9995 1.0000 1.0000 1.0000

ŝ 0.0274 0.0042 0.0019 0.0013 0.0080 0.0001 0.0000 0.0000

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

ρ̂ 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

ŝ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

α = 0.05 α̂ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

ρ̂ 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

ŝ 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

α = 0.1 α̂ 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

ρ̂ 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

ŝ 0.0002 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

α = 0.2 α̂ 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

ρ̂ 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

ŝ 0.0003 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
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Table 32 Performance of tolerance intervals based on normal distribution when the true
distribution is logistic (G: Normal; F: Logistic)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0158 0.0193 0.0198 0.0211 0.0207 0.0327 0.0409 0.0540

ρ̂ 0.9866 0.9685 0.9543 0.9422 0.9937 0.9848 0.9770 0.9698

ŝ 0.0246 0.0242 0.0213 0.0174 0.0152 0.0145 0.0131 0.0111

α = 0.05 α̂ 0.0666 0.0738 0.0739 0.0675 0.0835 0.1089 0.1330 0.1555

ρ̂ 0.9674 0.9508 0.9398 0.9311 0.9829 0.9744 0.9680 0.9627

ŝ 0.0429 0.0325 0.0256 0.0196 0.0287 0.0210 0.0166 0.0129

α = 0.1 α̂ 0.1264 0.1326 0.1317 0.1193 0.1491 0.1875 0.2156 0.2434

ρ̂ 0.9523 0.9396 0.9313 0.9248 0.9737 0.9673 0.9625 0.9585

ŝ 0.0538 0.0371 0.0279 0.0207 0.0376 0.0248 0.0186 0.0139

α = 0.2 α̂ 0.2314 0.2370 0.2321 0.2104 0.2668 0.3080 0.3425 0.3651

ρ̂ 0.9296 0.9245 0.9203 0.9168 0.9587 0.9574 0.9552 0.9532

ŝ 0.0673 0.0426 0.0306 0.0220 0.0494 0.0296 0.0210 0.0151

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0340 0.0793 0.1558 0.2830 0.0401 0.1124 0.2363 0.4377

ρ̂ 0.9984 0.9962 0.9939 0.9916 0.9990 0.9977 0.9963 0.9948

ŝ 0.0065 0.0052 0.0047 0.0042 0.0049 0.0035 0.0032 0.0028

α = 0.05 α̂ 0.1300 0.2299 0.3494 0.5153 0.1526 0.2936 0.4647 0.6784

ρ̂ 0.9948 0.9927 0.9907 0.9889 0.9965 0.9954 0.9941 0.9929

ŝ 0.0136 0.0085 0.0066 0.0052 0.0105 0.0061 0.0046 0.0036

α = 0.1 α̂ 0.2237 0.3421 0.4778 0.6390 0.2565 0.4214 0.5887 0.7872

ρ̂ 0.9912 0.9900 0.9886 0.9872 0.9940 0.9935 0.9927 0.9918

ŝ 0.0189 0.0107 0.0077 0.0058 0.0148 0.0078 0.0054 0.0041

α = 0.2 α̂ 0.3693 0.4961 0.6246 0.7741 0.4162 0.5753 0.7320 0.8811

ρ̂ 0.9847 0.9859 0.9855 0.9850 0.9893 0.9906 0.9905 0.9902

ŝ 0.0267 0.0137 0.0092 0.0065 0.0213 0.0102 0.0066 0.0047

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M
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Table 33 Performance of tolerance intervals based on lognormal distribution when the true
distribution is gamma (G: Lognormal; F: Gamma)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0107 0.0102 0.0110 0.0101 0.0123 0.0124 0.0139 0.0132

ρ̂ 0.9912 0.9768 0.9626 0.9492 0.9964 0.9906 0.9842 0.9776

ŝ 0.0206 0.0212 0.0202 0.0172 0.0117 0.0112 0.0110 0.0097

α = 0.05 α̂ 0.0525 0.0516 0.0483 0.0427 0.0555 0.0591 0.0555 0.0578

ρ̂ 0.9750 0.9598 0.9474 0.9368 0.9883 0.9821 0.9762 0.9707

ŝ 0.0394 0.0306 0.0251 0.0197 0.0246 0.0178 0.0148 0.0118

α = 0.1 α̂ 0.1008 0.1006 0.0934 0.0878 0.1059 0.1071 0.1106 0.1050

ρ̂ 0.9610 0.9483 0.9380 0.9296 0.9806 0.9758 0.9709 0.9666

ŝ 0.0513 0.0358 0.0277 0.0210 0.0338 0.0219 0.0170 0.0130

α = 0.2 α̂ 0.1985 0.1915 0.1843 0.1756 0.2062 0.2051 0.2033 0.2010

ρ̂ 0.9385 0.9320 0.9256 0.9204 0.9671 0.9663 0.9636 0.9610

ŝ 0.0663 0.0421 0.0307 0.0225 0.0464 0.0273 0.0198 0.0144

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0145 0.0244 0.0355 0.0491 0.0158 0.0320 0.0517 0.0856

ρ̂ 0.9993 0.9983 0.9969 0.9954 0.9996 0.9991 0.9983 0.9974

ŝ 0.0044 0.0031 0.0031 0.0028 0.0031 0.0020 0.0019 0.0017

α = 0.05 α̂ 0.0680 0.0912 0.1153 0.1452 0.0764 0.1126 0.1587 0.2237

ρ̂ 0.9971 0.9961 0.9948 0.9935 0.9982 0.9978 0.9970 0.9963

ŝ 0.0103 0.0058 0.0047 0.0037 0.0076 0.0038 0.0030 0.0024

α = 0.1 α̂ 0.1306 0.1579 0.1914 0.2323 0.1452 0.1900 0.2500 0.3291

ρ̂ 0.9946 0.9943 0.9933 0.9923 0.9966 0.9967 0.9961 0.9955

ŝ 0.0151 0.0077 0.0057 0.0043 0.0113 0.0052 0.0038 0.0027

α = 0.2 α̂ 0.2376 0.2764 0.3133 0.3668 0.2550 0.3230 0.3834 0.4750

ρ̂ 0.9898 0.9914 0.9911 0.9907 0.9932 0.9948 0.9947 0.9945

ŝ 0.0226 0.0104 0.0072 0.0050 0.0174 0.0072 0.0048 0.0033

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M



Cho and Ng Journal of Statistical Distributions and Applications            (2021) 8:10 Page 39 of 49

Table 34 Performance of tolerance intervals based on Weibull distribution when the true
distribution is gamma (G: Weibull; F: Gamma)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0074 0.0040 0.0020 0.0003 0.0106 0.0084 0.0055 0.0015

ρ̂ 0.9948 0.9875 0.9784 0.9681 0.9975 0.9947 0.9907 0.9857

ŝ 0.0177 0.0162 0.0154 0.0137 0.0116 0.0094 0.0088 0.0080

α = 0.05 α̂ 0.0307 0.0185 0.0090 0.0026 0.0384 0.0276 0.0195 0.0110

ρ̂ 0.9844 0.9761 0.9674 0.9584 0.9919 0.9888 0.9849 0.9804

ŝ 0.0330 0.0242 0.0200 0.0162 0.0227 0.0150 0.0122 0.0099

α = 0.1 α̂ 0.0570 0.0334 0.0180 0.0082 0.0714 0.0509 0.0379 0.0245

ρ̂ 0.9753 0.9682 0.9606 0.9529 0.9866 0.9845 0.9812 0.9773

ŝ 0.0426 0.0288 0.0224 0.0174 0.0300 0.0184 0.0141 0.0110

α = 0.2 α̂ 0.1054 0.0661 0.0412 0.0208 0.1283 0.0986 0.0704 0.0491

ρ̂ 0.9608 0.9571 0.9518 0.9460 0.9779 0.9783 0.9761 0.9733

ŝ 0.0547 0.0342 0.0253 0.0189 0.0397 0.0227 0.0164 0.0122

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0183 0.0231 0.0280 0.0359 0.0218 0.0318 0.0439 0.0707

ρ̂ 0.9992 0.9988 0.9979 0.9966 0.9994 0.9993 0.9988 0.9980

ŝ 0.0058 0.0036 0.0031 0.0028 0.0047 0.0026 0.0021 0.0019

α = 0.05 α̂ 0.0646 0.0743 0.0812 0.0992 0.0752 0.0995 0.1259 0.1794

ρ̂ 0.9971 0.9970 0.9961 0.9949 0.9979 0.9981 0.9976 0.9968

ŝ 0.0123 0.0064 0.0048 0.0038 0.0101 0.0048 0.0034 0.0027

α = 0.1 α̂ 0.1111 0.1236 0.1348 0.1551 0.1281 0.1615 0.1972 0.2591

ρ̂ 0.9950 0.9955 0.9949 0.9938 0.9964 0.9970 0.9967 0.9961

ŝ 0.0169 0.0083 0.0058 0.0044 0.0140 0.0064 0.0043 0.0031

α = 0.2 α̂ 0.1916 0.2031 0.2188 0.2484 0.2170 0.2515 0.3006 0.3778

ρ̂ 0.9913 0.9932 0.9930 0.9923 0.9935 0.9954 0.9955 0.9951

ŝ 0.0232 0.0109 0.0072 0.0051 0.0195 0.0085 0.0054 0.0037

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M
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Table 35 Performance of tolerance intervals based on gamma distribution when the true
distribution is Weibull (G: Gamma; F: Weibull)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0184 0.0190 0.0134 0.0084 0.0243 0.0314 0.0274 0.0219

ρ̂ 0.9862 0.9717 0.9609 0.9507 0.9934 0.9862 0.9807 0.9753

ŝ 0.0267 0.0243 0.0207 0.0170 0.0171 0.0146 0.0124 0.0103

α = 0.05 α̂ 0.0728 0.0662 0.0530 0.0354 0.0870 0.0930 0.0877 0.0701

ρ̂ 0.9671 0.9553 0.9471 0.9397 0.9826 0.9770 0.9731 0.9693

ŝ 0.0454 0.0332 0.0255 0.0195 0.0308 0.0210 0.0158 0.0121

α = 0.1 α̂ 0.1338 0.1209 0.0986 0.0677 0.1574 0.1588 0.1411 0.1164

ρ̂ 0.9519 0.9442 0.9386 0.9332 0.9734 0.9707 0.9683 0.9657

ŝ 0.0571 0.0382 0.0281 0.0208 0.0399 0.0249 0.0178 0.0132

α = 0.2 α̂ 0.2529 0.2176 0.1778 0.1332 0.2769 0.2610 0.2310 0.2028

ρ̂ 0.9283 0.9287 0.9272 0.9249 0.9585 0.9615 0.9617 0.9609

ŝ 0.0717 0.0444 0.0313 0.0224 0.0523 0.0300 0.0204 0.0145

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0410 0.0800 0.1212 0.1808 0.0462 0.1072 0.1755 0.3005

ρ̂ 0.9983 0.9965 0.9949 0.9931 0.9989 0.9980 0.9970 0.9958

ŝ 0.0081 0.0055 0.0047 0.0040 0.0064 0.0038 0.0032 0.0027

α = 0.05 α̂ 0.1381 0.2099 0.2633 0.3537 0.1588 0.2609 0.3565 0.5027

ρ̂ 0.9944 0.9932 0.9921 0.9908 0.9963 0.9957 0.9951 0.9942

ŝ 0.0155 0.0089 0.0064 0.0049 0.0122 0.0064 0.0045 0.0035

α = 0.1 α̂ 0.2319 0.3033 0.3665 0.4577 0.2608 0.3714 0.4733 0.6154

ρ̂ 0.9908 0.9908 0.9903 0.9895 0.9937 0.9940 0.9938 0.9933

ŝ 0.0209 0.0110 0.0075 0.0054 0.0167 0.0081 0.0054 0.0039

α = 0.2 α̂ 0.3680 0.4369 0.5039 0.5919 0.4112 0.5082 0.6106 0.7335

ρ̂ 0.9844 0.9872 0.9878 0.9877 0.9889 0.9914 0.9920 0.9919

ŝ 0.0288 0.0139 0.0088 0.0061 0.0234 0.0105 0.0065 0.0045

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M
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Table 36 Performance of tolerance intervals based on lognormal distribution when the true
distribution is Weibull (G: Lognormal; F: Weibull)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0195 0.0215 0.0134 0.0063 0.0344 0.0545 0.0565 0.0503

ρ̂ 0.9826 0.9678 0.9592 0.9520 0.9902 0.9810 0.9754 0.9707

ŝ 0.0269 0.0248 0.0207 0.0168 0.0183 0.0168 0.0140 0.0113

α = 0.05 α̂ 0.0700 0.0633 0.0455 0.0229 0.1066 0.1316 0.1246 0.1128

ρ̂ 0.9657 0.9547 0.9490 0.9441 0.9792 0.9723 0.9688 0.9658

ŝ 0.0427 0.0322 0.0248 0.0191 0.0304 0.0221 0.0167 0.0127

α = 0.1 α̂ 0.1200 0.1056 0.0766 0.0422 0.1743 0.1945 0.1781 0.1594

ρ̂ 0.9536 0.9464 0.9428 0.9395 0.9710 0.9669 0.9649 0.9630

ŝ 0.0525 0.0366 0.0272 0.0204 0.0381 0.0253 0.0183 0.0135

α = 0.2 α̂ 0.2089 0.1773 0.1310 0.0753 0.2744 0.2818 0.2587 0.2329

ρ̂ 0.9353 0.9347 0.9344 0.9334 0.9587 0.9595 0.9598 0.9594

ŝ 0.0654 0.0424 0.0303 0.0220 0.0484 0.0295 0.0204 0.0146

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0842 0.2270 0.3715 0.5708 0.1152 0.3247 0.5461 0.7836

ρ̂ 0.9965 0.9929 0.9904 0.9881 0.9976 0.9950 0.9932 0.9915

ŝ 0.0094 0.0081 0.0069 0.0057 0.0075 0.0062 0.0052 0.0044

α = 0.05 α̂ 0.2350 0.4073 0.5601 0.7285 0.2983 0.5262 0.7235 0.8901

ρ̂ 0.9914 0.9886 0.9870 0.9855 0.9937 0.9917 0.9906 0.9895

ŝ 0.0167 0.0115 0.0086 0.0066 0.0136 0.0090 0.0068 0.0052

α = 0.1 α̂ 0.3410 0.5074 0.6525 0.7959 0.4173 0.6331 0.7938 0.9264

ρ̂ 0.9873 0.9858 0.9849 0.9840 0.9905 0.9895 0.9890 0.9883

ŝ 0.0217 0.0135 0.0097 0.0071 0.0179 0.0108 0.0076 0.0056

α = 0.2 α̂ 0.4770 0.6272 0.7471 0.8629 0.5547 0.7397 0.8622 0.9588

ρ̂ 0.9809 0.9819 0.9823 0.9821 0.9854 0.9864 0.9868 0.9868

ŝ 0.0287 0.0162 0.0109 0.0078 0.0239 0.0131 0.0087 0.0062

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M
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Table 37 Performance of tolerance intervals based on gamma distribution when the true
distribution is lognormal (G: Gamma; F: Lognormal)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0159 0.0155 0.0142 0.0091 0.0183 0.0185 0.0180 0.0133

ρ̂ 0.9879 0.9743 0.9616 0.9490 0.9947 0.9893 0.9836 0.9775

ŝ 0.0260 0.0231 0.0207 0.0172 0.0159 0.0126 0.0114 0.0098

α = 0.05 α̂ 0.0775 0.0642 0.0562 0.0488 0.0831 0.0742 0.0669 0.0619

ρ̂ 0.9680 0.9561 0.9460 0.9366 0.9843 0.9800 0.9754 0.9706

ŝ 0.0466 0.0326 0.0257 0.0197 0.0305 0.0196 0.0153 0.0119

α = 0.1 α̂ 0.1407 0.1221 0.1004 0.0933 0.1472 0.1344 0.1176 0.1108

ρ̂ 0.9514 0.9438 0.9364 0.9293 0.9747 0.9732 0.9700 0.9664

ŝ 0.0592 0.0378 0.0283 0.0210 0.0405 0.0238 0.0175 0.0130

α = 0.2 α̂ 0.2640 0.2238 0.1971 0.1778 0.2716 0.2395 0.2174 0.1996

ρ̂ 0.9254 0.9266 0.9238 0.9201 0.9586 0.9630 0.9625 0.9609

ŝ 0.0744 0.0440 0.0313 0.0225 0.0541 0.0293 0.0203 0.0145

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0450 0.0698 0.0923 0.1367 0.0566 0.1061 0.1650 0.2684

α = 0.01 α̂ 0.0253 0.0330 0.0446 0.0569 0.0295 0.0434 0.0630 0.1008

ρ̂ 0.9988 0.9979 0.9967 0.9952 0.9993 0.9988 0.9982 0.9973

ŝ 0.0069 0.0039 0.0034 0.0029 0.0053 0.0025 0.0021 0.0018

α = 0.05 α̂ 0.1027 0.1190 0.1300 0.1615 0.1133 0.1462 0.1766 0.2383

ρ̂ 0.9957 0.9954 0.9945 0.9934 0.9972 0.9973 0.9968 0.9961

ŝ 0.0142 0.0068 0.0050 0.0038 0.0110 0.0046 0.0033 0.0024

α = 0.1 α̂ 0.1805 0.1952 0.2063 0.2418 0.1970 0.2335 0.2743 0.3458

ρ̂ 0.9924 0.9934 0.9929 0.9922 0.9950 0.9960 0.9958 0.9954

ŝ 0.0198 0.0089 0.0060 0.0043 0.0155 0.0061 0.0040 0.0028

α = 0.2 α̂ 0.3116 0.3176 0.3402 0.3725 0.3352 0.3686 0.4173 0.4913

ρ̂ 0.9861 0.9902 0.9907 0.9905 0.9906 0.9939 0.9944 0.9943

ŝ 0.0283 0.0119 0.0075 0.0051 0.0224 0.0084 0.0051 0.0034

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M
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Table 38 Performance of tolerance intervals based on Weibull distribution when the true
distribution is lognormal (G: Weibull; F: Lognormal)

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.0114 0.0064 0.0021 0.0004 0.0191 0.0149 0.0102 0.0047

ρ̂ 0.9915 0.9846 0.9777 0.9705 0.9951 0.9916 0.9877 0.9835

ŝ 0.0226 0.0181 0.0158 0.0135 0.0163 0.0120 0.0104 0.0089

α = 0.05 α̂ 0.0433 0.0196 0.0086 0.0019 0.0648 0.0460 0.0308 0.0153

ρ̂ 0.9796 0.9743 0.9688 0.9631 0.9874 0.9851 0.9821 0.9789

ŝ 0.0376 0.0252 0.0198 0.0157 0.0281 0.0175 0.0134 0.0105

α = 0.1 α̂ 0.0722 0.0360 0.0161 0.0037 0.1062 0.0777 0.0516 0.0276

ρ̂ 0.9703 0.9676 0.9634 0.9589 0.9813 0.9809 0.9788 0.9763

ŝ 0.0466 0.0292 0.0220 0.0168 0.0354 0.0206 0.0151 0.0114

α = 0.2 α̂ 0.1239 0.0655 0.0304 0.0080 0.1705 0.1273 0.0857 0.0523

ρ̂ 0.9566 0.9584 0.9565 0.9536 0.9720 0.9751 0.9744 0.9730

ŝ 0.0578 0.0341 0.0246 0.0182 0.0446 0.0244 0.0171 0.0125

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0450 0.0698 0.0923 0.1367 0.0566 0.1061 0.1650 0.2684

ρ̂ 0.9980 0.9971 0.9958 0.9942 0.9985 0.9980 0.9971 0.9960

ŝ 0.0096 0.0059 0.0049 0.0042 0.0081 0.0046 0.0037 0.0032

α = 0.05 α̂ 0.1302 0.1664 0.2084 0.2677 0.1566 0.2321 0.3193 0.4482

ρ̂ 0.9944 0.9942 0.9933 0.9921 0.9957 0.9959 0.9953 0.9944

ŝ 0.0176 0.0093 0.0068 0.0053 0.0151 0.0074 0.0053 0.0041

α = 0.1 α̂ 0.1958 0.2415 0.2863 0.3544 0.2357 0.3185 0.4176 0.5446

ρ̂ 0.9912 0.9922 0.9917 0.9908 0.9931 0.9943 0.9941 0.9935

ŝ 0.0227 0.0113 0.0079 0.0059 0.0197 0.0092 0.0062 0.0046

α = 0.2 α̂ 0.2993 0.3383 0.3897 0.4597 0.3499 0.4338 0.5293 0.6562

ρ̂ 0.9861 0.9893 0.9895 0.9892 0.9890 0.9920 0.9924 0.9922

ŝ 0.0294 0.0140 0.0093 0.0066 0.0257 0.0115 0.0074 0.0052

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M
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Table 39 Performance of nonparametric tolerance intervals when the true underlying distribution is
normal

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.1885 0.1331 0.0237 0.0077 0.1246 0.2122 0.1316 0.0244

ρ̂ 0.9471 0.9510 0.9668 0.9594 0.9803 0.9704 0.9754 0.9832

ŝ 0.0763 0.0457 0.0254 0.0191 0.0494 0.0383 0.0232 0.0132

α = 0.05 α̂ 0.1998 0.1447 0.0380 0.0208 0.1298 0.2221 0.1445 0.0421

ρ̂ 0.9449 0.9481 0.9582 0.9495 0.9795 0.9692 0.9740 0.9791

ŝ 0.0776 0.0465 0.0271 0.0207 0.0504 0.0389 0.0236 0.0141

α = 0.1 α̂ 0.2129 0.1624 0.1027 0.1011 0.1365 0.2347 0.1622 0.0961

ρ̂ 0.9418 0.9440 0.9411 0.9316 0.9783 0.9676 0.9719 0.9717

ŝ 0.0793 0.0475 0.0309 0.0241 0.0517 0.0397 0.0242 0.0158

α = 0.2 α̂ 0.2424 0.2123 0.1126 0.1220 0.1528 0.2639 0.2133 0.1179

ρ̂ 0.9347 0.9335 0.9395 0.9290 0.9756 0.9637 0.9667 0.9694

ŝ 0.0830 0.0497 0.0314 0.0245 0.0545 0.0414 0.0254 0.0161

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0154 0.0717 0.1503 0.2138 0.0046 0.0242 0.0737 0.1538

ρ̂ 0.9990 0.9969 0.9950 0.9937 0.9998 0.9991 0.9983 0.9974

ŝ 0.0109 0.0134 0.0119 0.0091 0.0050 0.0075 0.0071 0.0061

α = 0.05 α̂ 0.0162 0.0753 0.1556 0.2239 0.0048 0.0253 0.0767 0.1583

ρ̂ 0.9989 0.9968 0.9948 0.9935 0.9998 0.9991 0.9983 0.9973

ŝ 0.0112 0.0136 0.0121 0.0093 0.0051 0.0076 0.0073 0.0062

α = 0.1 α̂ 0.0168 0.0802 0.1647 0.2382 0.0054 0.0265 0.0801 0.1678

ρ̂ 0.9989 0.9966 0.9945 0.9932 0.9997 0.9991 0.9982 0.9972

ŝ 0.0115 0.0140 0.0124 0.0095 0.0053 0.0078 0.0074 0.0064

α = 0.2 α̂ 0.0189 0.0887 0.1824 0.2728 0.0063 0.0303 0.0902 0.1849

ρ̂ 0.9987 0.9962 0.9940 0.9924 0.9997 0.9989 0.9980 0.9969

ŝ 0.0123 0.0148 0.0128 0.0098 0.0056 0.0082 0.0076 0.0067

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M



Cho and Ng Journal of Statistical Distributions and Applications            (2021) 8:10 Page 45 of 49

Table 40 Performance of nonparametric tolerance intervals when the true underlying distribution is
Cauchy

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.3251 0.1595 0.0279 0.0073 0.3140 0.3285 0.1717 0.0268

ρ̂ 0.9108 0.9411 0.9641 0.9598 0.9513 0.9558 0.9698 0.9822

ŝ 0.0784 0.0444 0.0260 0.0191 0.0565 0.0381 0.0239 0.0131

α = 0.05 α̂ 0.3365 0.1703 0.0386 0.0318 0.3256 0.3412 0.1824 0.0396

ρ̂ 0.9086 0.9391 0.9594 0.9466 0.9500 0.9548 0.9688 0.9798

ŝ 0.0794 0.0452 0.0277 0.0216 0.0573 0.0386 0.0243 0.0140

α = 0.1 α̂ 0.3520 0.1857 0.0744 0.0922 0.3399 0.3557 0.1974 0.0652

ρ̂ 0.9057 0.9364 0.9498 0.9336 0.9482 0.9534 0.9674 0.9759

ŝ 0.0807 0.0462 0.0310 0.0243 0.0584 0.0392 0.0248 0.0153

α = 0.2 α̂ 0.3893 0.2240 0.1536 0.1522 0.3700 0.3880 0.2371 0.1415

ρ̂ 0.8991 0.9298 0.9342 0.9259 0.9442 0.9503 0.9642 0.9675

ŝ 0.0836 0.0485 0.0338 0.0256 0.0609 0.0406 0.0260 0.0168

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.1119 0.2781 0.3779 0.3642 0.0591 0.1796 0.3029 0.3742

ρ̂ 0.9943 0.9898 0.9882 0.9899 0.9982 0.9961 0.9944 0.9941

ŝ 0.0158 0.0162 0.0143 0.0097 0.0075 0.0092 0.0092 0.0071

α = 0.05 α̂ 0.1159 0.2880 0.3884 0.3763 0.0616 0.1849 0.3114 0.3854

ρ̂ 0.9941 0.9895 0.9879 0.9897 0.9981 0.9959 0.9942 0.9940

ŝ 0.0161 0.0165 0.0145 0.0098 0.0077 0.0093 0.0094 0.0072

α = 0.1 α̂ 0.1228 0.3005 0.4016 0.3916 0.0647 0.1949 0.3221 0.4011

ρ̂ 0.9938 0.9891 0.9875 0.9894 0.9980 0.9958 0.9940 0.9938

ŝ 0.0165 0.0169 0.0148 0.0099 0.0079 0.0096 0.0096 0.0074

α = 0.2 α̂ 0.1375 0.3299 0.4294 0.4232 0.0730 0.2176 0.3418 0.4300

ρ̂ 0.9932 0.9882 0.9868 0.9886 0.9978 0.9954 0.9937 0.9933

ŝ 0.0176 0.0177 0.0151 0.0102 0.0085 0.0101 0.0100 0.0076

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M
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Table 41 Performance of nonparametric tolerance intervals when the true underlying distribution is
Laplace

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.2286 0.1375 0.0263 0.0092 0.1594 0.2278 0.1412 0.0250

ρ̂ 0.9364 0.9486 0.9657 0.9595 0.9744 0.9678 0.9739 0.9831

ŝ 0.0803 0.0446 0.0259 0.0194 0.0545 0.0378 0.0236 0.0130

α = 0.05 α̂ 0.2383 0.1511 0.0428 0.0257 0.1668 0.2396 0.1538 0.0408

ρ̂ 0.9340 0.9459 0.9579 0.9488 0.9733 0.9665 0.9725 0.9792

ŝ 0.0815 0.0454 0.0277 0.0211 0.0555 0.0384 0.0241 0.0139

α = 0.1 α̂ 0.2516 0.1686 0.1009 0.1030 0.1756 0.2528 0.1719 0.0918

ρ̂ 0.9307 0.9420 0.9419 0.9317 0.9719 0.9649 0.9705 0.9722

ŝ 0.0830 0.0464 0.0311 0.0244 0.0568 0.0391 0.0246 0.0156

α = 0.2 α̂ 0.2858 0.2204 0.1181 0.1287 0.1967 0.2857 0.2215 0.1203

ρ̂ 0.9232 0.9323 0.9387 0.9284 0.9686 0.9609 0.9659 0.9691

ŝ 0.0863 0.0486 0.0317 0.0248 0.0596 0.0406 0.0258 0.0162

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0229 0.0844 0.1703 0.2248 0.0081 0.0349 0.0878 0.1636

ρ̂ 0.9984 0.9963 0.9943 0.9934 0.9995 0.9989 0.9981 0.9972

ŝ 0.0149 0.0145 0.0124 0.0090 0.0082 0.0080 0.0074 0.0062

α = 0.05 α̂ 0.0234 0.0875 0.1763 0.2363 0.0083 0.0361 0.0909 0.1691

ρ̂ 0.9983 0.9961 0.9941 0.9932 0.9995 0.9989 0.9980 0.9971

ŝ 0.0151 0.0147 0.0126 0.0092 0.0084 0.0081 0.0076 0.0063

α = 0.1 α̂ 0.0239 0.0928 0.1860 0.2512 0.0089 0.0374 0.0954 0.1793

ρ̂ 0.9982 0.9959 0.9938 0.9928 0.9995 0.9988 0.9979 0.9969

ŝ 0.0155 0.0151 0.0129 0.0094 0.0086 0.0083 0.0078 0.0064

α = 0.2 α̂ 0.0268 0.1030 0.2048 0.2870 0.0100 0.0423 0.1029 0.2050

ρ̂ 0.9980 0.9954 0.9931 0.9919 0.9994 0.9986 0.9977 0.9965

ŝ 0.0163 0.0160 0.0134 0.0099 0.0090 0.0087 0.0078 0.0069

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M
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Table 42 Performance of nonparametric tolerance intervals when the true underlying distribution is
logistic

n = 10 n = 25 n = 50 n = 100 n = 10 n = 25 n = 50 n = 100

ρ = 0.9 ρ = 0.95

α = 0.01 α̂ 0.2000 0.1393 0.0230 0.0095 0.1394 0.2251 0.1331 0.0284

ρ̂ 0.9424 0.9485 0.9662 0.9592 0.9778 0.9680 0.9745 0.9830

ŝ 0.0784 0.0458 0.0256 0.0195 0.0504 0.0385 0.0233 0.0133

α = 0.05 α̂ 0.2078 0.1520 0.0389 0.0248 0.1448 0.2351 0.1456 0.0442

ρ̂ 0.9401 0.9457 0.9584 0.9487 0.9769 0.9668 0.9731 0.9792

ŝ 0.0797 0.0466 0.0274 0.0210 0.0514 0.0391 0.0237 0.0142

α = 0.1 α̂ 0.2213 0.1713 0.0964 0.1088 0.1530 0.2519 0.1655 0.0915

ρ̂ 0.9369 0.9417 0.9423 0.9314 0.9756 0.9651 0.9711 0.9722

ŝ 0.0813 0.0477 0.0311 0.0244 0.0528 0.0398 0.0243 0.0158

α = 0.2 α̂ 0.2521 0.2206 0.1201 0.1334 0.1713 0.2862 0.2263 0.1224

ρ̂ 0.9296 0.9317 0.9387 0.9282 0.9726 0.9611 0.9655 0.9693

ŝ 0.0850 0.0500 0.0318 0.0248 0.0559 0.0415 0.0261 0.0162

ρ = 0.99 ρ = 0.995

α = 0.01 α̂ 0.0178 0.0816 0.1650 0.2303 0.0055 0.0344 0.0827 0.1689

ρ̂ 0.9989 0.9964 0.9946 0.9933 0.9997 0.9989 0.9983 0.9972

ŝ 0.0113 0.0143 0.0117 0.0092 0.0054 0.0074 0.0065 0.0063

α = 0.05 α̂ 0.0184 0.0854 0.1717 0.2405 0.0058 0.0356 0.0850 0.1758

ρ̂ 0.9988 0.9962 0.9944 0.9931 0.9997 0.9989 0.9983 0.9971

ŝ 0.0116 0.0146 0.0119 0.0094 0.0056 0.0075 0.0066 0.0064

α = 0.1 α̂ 0.0197 0.0911 0.1806 0.2564 0.0062 0.0375 0.0900 0.1835

ρ̂ 0.9987 0.9960 0.9941 0.9927 0.9997 0.9988 0.9981 0.9969

ŝ 0.0119 0.0150 0.0122 0.0096 0.0057 0.0077 0.0068 0.0066

α = 0.2 α̂ 0.0219 0.1013 0.2013 0.2840 0.0070 0.0417 0.1015 0.2076

ρ̂ 0.9986 0.9956 0.9932 0.9920 0.9996 0.9987 0.9978 0.9966

ŝ 0.0127 0.0158 0.0134 0.0098 0.0061 0.0082 0.0077 0.0067

The bolded values are α̂ within ±2
√

α(1 − α)/M and ρ̂ within ±2
√

ρ(1 − ρ)/M



Cho and Ng Journal of Statistical Distributions and Applications            (2021) 8:10 Page 48 of 49

Abbreviations
AIC: Akaike’s information criterion; BIC: Bayesian information criterion; CDF: Cumulative distribution function; PDF:
Probability density function

Acknowledgements
The authors thank the editor and the anonymous referee for their useful comments and suggestions on an earlier
version of this article which resulted in this improved version.

Authors’ contributions
The authors carried out this work and drafted the manuscript collaboratively. All authors read and approved the
manuscript.

Funding
This work was supported by the Hamilton Undergraduate Research Award from Southern Methodist University. The
second author’s work was also supported by a grant from the Simons Foundation (#709773).

Availability of data andmaterials
The datasets used and/or analysed during the current study are available from the corresponding author on reasonable
request.

Declarations

Competing interests
The authors declare that they have no competing interests.

Author details
1Department of Statistics, Columbia University, 10027 New York, NY, USA. 2Department of Statistical Science, Southern
Methodist University, 75275-0332 Dallas, TX, USA.

Received: 22 January 2021 Accepted: 13 June 2021

References
Bain, L. J., Engelhardt, M.: Interval Estimation for the Two-Parameter Double Exponential Distribution. Technometrics. 15,

875–887 (1973)
Bain, L. J., Engelhardt, M.: Simple Approximate Distributional Results for Confidence and Tolerance Limits for the Weibull

Distribution Based on Maximum Likelihood Estimators. Technometrics. 23, 15–20 (1981)
Bain, L., Englehardt, M.: Statistical analysis of reliability and life testing models: Theory and Methods. Second edition.

Marcel Dekker, New York (1991)
Balakrishnan, N. (Ed): Handbook of the Logistic Distribution. Marcel Dekker, New York (1992)
Battelle Memorial Institute: Nonparametric Procedure. In: MMPDS-12: Metallic Materials Properties Development and

Standardization. Battelle Memorial Institute, Columbus, (2017)
Blischke, W. R., Murthy, D. N. P.: Reliability: Modeling, Prediction, and Optimization. Wiley, New York (2000)
Bury, K.: Statistical Distributions in Engineering. Cambridge University Press, UK (1999)
Coles, S.: An Introduction to Statistical Modeling of Extreme Values. Springer-Verlag, London (2001)
David, H. A., Nagaraja, H. N.: Order Statistics. Third edition. Wiley, Hoboken (2003)
Faulkenberry, G. D., Daly, J. C.: Sample size for tolerance limits on a normal distribution. Technometrics. 12, 831–821 (1970)
Fernandez, A. J.: Two-sided tolerance intervals in the exponential case: Corrigenda and generalizations. Comput. Stat.

Data Anal. 54, 151–162 (2010)
Guenther, W. C.: Sampling Inspection in Statistical Quality Control. (Griffin’s Statistical Monographs, Number 37). London

and High Wycombe, Griffin (2007)
Gumbel, E. J., Mustafi, C. K.: Some Analytical Properties of Bivariate Extremal Distributions. J. Am. Stat. Assoc. 62, 569–588

(1967)
Hahn, G. J., Meeker, W. Q.: Statistical Intervals: A Guide for Practitioners. Wiley, New York (1991)
Hall, I. J.: One-Sided Tolerance Limits for a Logistic Distribution Based on Censored Samples. Biometrics. 31, 873–880 (1975)
Hoew, W. G.: Two-Sided Tolerance Limits for Normal Populations - Some Improvements. J. Am. Stat. Assoc. 64, 610–620

(1969)
Hong, L. J., Huang, Z., Lam, H.: Learning-based robust optimization: Procedures and statistical guarantees. ArXiv Preprint

ArXiv. 1704, 04342 (2017)
JMP�: Version 16. SAS Institute Inc., Cary, NC (2021)
Krishnamoorthy, K., Mathew, T.: Statistical Tolerance Regions: Theory, Applications, and Computation. Wiley, Hoboken

(2009)
Krishnamoorthy, K., Mathew, T., Mukherjee, S.: Normal-based methods for a gamma distribution: prediction and tolerance

intervals and stress-strength reliability. Technometrics. 50, 69–78 (2008)
Krishnamoorthy, K., Xie, F.: Tolerance intervals for symmetric location-scale families based on uncensored or censored

samples. J. Stat. Plan. Infer. 141, 1170–1182 (2011)
Lawless, J. F.: Construction of tolerance bounds for the extreme-value and the Weibull distribution. Technometrics. 17,

255–261 (1975)
Meeker, W. Q., Hahn, G. J., Escobar, L. A.: Statistical Intervals: A Guide for Practitioners and Researchers. 2nd ed. Wiley, New

York (2017)



Cho and Ng Journal of Statistical Distributions and Applications            (2021) 8:10 Page 49 of 49

Minitab 18 Statistical Software: [Computer software]. State College, PA, Minitab Inc. (2017)
Nelson, W.: Applied Life Data Analysis. Wiley, New York (1982)
NCSS 2021 Statistical Software: NCSS, LLC, Kaysville, Utah, USA (2021). ncss.com/software/ncss
Puig, P., Stephens, M. A.: Tests of Fit for the Laplace Distribution, with Applications. Technometrics. 42, 417–424 (2000)
Python: Python Core Team. Python: A dynamic, open source programming language. Python Software Foundation

(2015). http://www.python.org. Accessed 1 Jan 2021
R Core Team: A Language and Environment for Statistical Computing R Foundation for Statistical Computing Vienna,

Austria (2020). https://www.R-project.org/. Accessed 1 Jan 2021
Robbins, H.: On distribution-free tolerance limits in random sampling. Ann. Math. Stat. 15, 214–216 (1944)
SAS Institute Inc: The SAS system for Windows. Release 9.4. SAS Institute Inc., Cary NC (2014)
Wald, A.: An Extension of Wilks Method for Setting Tolerance Limits. Ann. Math. Stat. 14, 45–55 (1943)
Wald, A., Wolfowitz, J.: Tolerance Limits for a Normal Distribution. Ann. Math. Stat. 17, 208–215 (1946)
Weissberg, A., Beatty, G.: Tables of Tolerance Limit Factors for Normal Distributions. Technometrics. 2, 483–500 (1969)
Wilks, S. S.: Determination of Sample Sizes for Setting Tolerance Limits. Ann. Math. Stat. 12, 91–96 (1941)
Wilks, S. S.: Statistical prediction with special reference to the problem of tolerance limits. Ann. Math. Stat. 13, 400–409

(1941)
Young, D. S.: Tolerance: An R Package for Estimating Tolerance Intervals. J. Stat. Softw. Artic. 36(5), 1–39 (2010)
Young, D. S.: Computing Tolerance Intervals and Regions in R. In: Rao, M. B., Rao, C. R. (eds.) Handbook of Statistics,

Volume 32: Computational Statistics with R, pp. 309–338, North- Holland, (2014)
Young, D. S., Mathew, T.: Improved Nonparametric Tolerance Intervals Based on Interpolated and Extrapolated Order

Statistics. J. Nonparametric Stat. 26, 415–432 (2014)
Yuan, M., Hong, Y., Escobar, L. A., Meeker, W. Q.: Two-sided tolerance intervals for members of the (log)-location-scale

family of distributions". Qual. Technol. Quant. Manag. 15, 374–392 (2018)

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

http://www.python.org
https://www.R-project.org/

	Abstract
	Keywords

	Introduction
	Tolerance interval and statistical models
	Basics of tolerance intervals
	Parametric tolerance intervals for some particular distributions

	Statistical software packages for tolerance intervals
	Available statistical software packages
	Comparisons of different software packages

	Effect of model misspecification on tolerance intervals
	Monte Carlo simulation studies
	Simulation results and discussions

	Proposed model selection approach
	Model selection based on maximum likelihood
	Monte Carlo simulation study

	Illustrative examples
	Differences in flood levels data
	Locomotive controls failure data

	Concluding remarks
	Appendix
	Abbreviations
	Acknowledgements
	Authors' contributions
	Funding
	Availability of data and materials
	Competing interests
	Author details
	References
	Publisher's Note

